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In dieser Bachelorarbeit wird ein Minimalmodell, was durch eine Mastergle-
ichung beschrieben wird, untersucht. Im Gegensatz zu schon untersuchten Sys-
temen bezieht das Minimalmodell Wechselwirkung zwischen Teilchen ein. Da-
raus resultiert, dass die “strong coupling“ Eigenschaft verloren geht. Das Mini-
malmodell wird teils analytisch und teils numerisch bezüglich der Leistung opti-
miert. Sowohl die Abhängigkeit der Leistung als auch der Systemparameter von
der Wechselwirkungsenergie werden am Punkt der maximalen Leistung unter-
sucht. Die Effizienz am Punkt der maximalen Leistung wird in Carnot-Effizienz
entwickelt. Der lineare Koeffizient dieser Entwicklung zeigt eine Abhängigkeit
von der Wechselwirkungsenergie. Weiter wird eine bewiesene obere Grenze für
diesen linearen Koeffizienten für positive Wechselwirkungsenergien gebrochen.
Da die obere Grenze mithilfe der linearen irreversiblen Thermodynamik be-
wiesen wurde, wirft das Ergebis Fragen über Unstimmigkeiten zwischen der
stochastischen Thermodynamik und der linearen irreversiblen Thermodynamik
auf.

A minimal model governed by a master equation is investigated. In contrast
to earlier studied systems, the minimal model includes particle interaction. A
result of the integrated interaction is that the strong coupling property is bro-
ken. The minimal model is optimized with regard to maximum power using
an analytical approach and numerics. The influence of the interaction energy
on system parameters, power output, and efficiency at maximum power is il-
lustrated. The linear coefficient of an expansion of the efficiency at maximum
power shows a dependence on the interaction energy. A supposed upper bound
for the linear coefficient is overcome for positive interaction energies. This leads
to concerns about inconsistencies between stochastic thermodynamics and linear
irreversible thermodynamics.
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1. Introduction

When humans started to construct thermodynamic machines, specifically heat
engines, the starting point for industrialization was set, which ultimately led us
to the modern age. Thermodynamics as a science was born out of the desire to
improve the efficiency and power output of heat engines. One of the early major
scientific publications was from Sadi Carnot, who wrote about heat, power and
efficiency [4]. Back then, the book was so disruptive and innovative that the
Carnot engine and the Carnot efficiency are named after Sadi Carnot. This
publication was the starting point for modern thermodynamics and led to the
formulation of the second law by Clausius [5] and Kelvin [23].
Today, the desire to maximize the power output and the efficiency of a ther-
modynamic machine is as strong as in those days. The only difference is that
we are not talking about large heat engines and combustion engines, but about
microscopic thermodynamic systems. Because the experimental methods have
improved significantly over the years, microscopic thermodynamic engines can
be observed and experimentally investigated, e.g. biological molecular machines
and quantum dots [3, 14]. From the theoretical side, microscopic engines have
been investigated earlier. These microscopic engines operate in so-called steady
states, which are non-equilibrium states. For the description of the nanoscale
machines, microscopic non-equilibrium thermodynamics is needed. The foun-
dation of macroscopic non-equilibrium thermodynamics was laid by Lars On-
sager with a proof of the reciprocal relations [15]. To describe microscopic non-
equilibrium thermodynamics and steady states, stochastic thermodynamics was
developed [25]. With this framework, the maximum power and the efficiency at
maximum power of microscopic machines could be studied. A lot of different
microscopic systems have been subject to investigation, ranging from a simple
quantum dot to maser models and Brownian heat engines [8, 1, 12, 18, 20].
The focus laid heavily on the efficiency at maximum power because for micro-
scopic engines with a specific property (so-called strong coupling), old results
from macroscopic thermodynamics were reproduced [8, 18, 11]. In 1975, Curzon
and Ahlborn optimized a Carnot engine with the condition of irreversible heat
flow from reservoirs and obtained an expression of the efficiency at maximum
power [7]. The derived efficiency has been called Curzon-Ahlborn efficiency and
proved to accurately describe the efficiency of power plants. And surprisingly,
microscopic systems with strong coupling agree with this macroscopic result at
least to linear order. First, some results raised questions about the universality
of the linear coefficient. Later, it was proved that the linear coefficient is indeed
universal for strong coupling and universality can be extended to the quadratic

1



order for a specific symmetry [9]. For microscopic systems in the linear response
regime, it has been shown that an upper bound for the linear coefficient exists
[24]. To conclude, a lot of effort and time has been put into the investigation
of microscopic systems with the strong coupling property. But strong coupling
is an idealization because it neglects particle interaction. The goal of this work
is to investigate the maximum power and the efficiency of maximum power of a
system incorporating particle interaction and breaking strong coupling. In the
future, the field of microscopic machines can be backed by data from more accu-
rate experimental methods. So, this work is not entirely of theoretical interest.
In Sec. 2, basic concepts of thermodynamics are recapped. Also, the Curzon-
Ahlborn efficiency is derived, because it is rarely addressed in undergraduate
lectures. In Sec. 3, the principle of microscopic reversibility, thermodynamic
forces and Onsager coefficients will be presented to provide an introduction to
linear irreversible thermodynamics. As a definition of stochastic thermodynam-
ics can be built on the foundations of the master equation, the master equation
will be derived and introduced in Sec. 4. As explained, stochastic thermody-
namics is then built up with the master equation in Sec. 5. Finally, the minimal
model can be investigated regarding maximum power, see Sec. 6.
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2. An introduction to thermodynamics

Thermodynamic systems can be classified as isloated, closed and open depending
on how the system is in contact with its environment. Isolated systems can not
exchange heat or particles and closed systems are only able to exchange heat.
In contrast, open systems can transfer heat and particles. A state function
f(Z1, . . . , Zn) can be associated with a thermodynamic system, which describes
the behavior of the system with regards to the thermodynamic state variables
Z1 to Zn. The state variables are either intensive or extensive. Generally speak-
ing, the state variables are dependent on time. However, most systems reach an
equilibrium state after a certain amount of time, where the state variables stay
constant. This observation can be used to define a naive concept of an equilib-
rium state, which is not at all sufficient. A system can be in a non-equilibrium
state while the state variables reach a constant level. The studied model in this
work is part of non-equilibrium thermodynamics and gives a perfect counterex-
ample for this definition.

2.1. First law
The first law of thermodynamics is an energy conservation law. A change of
internal energy ∆E has to be the result of a heat flow ∆CQ into the system
or an amount of work ∆CW that is done on the system. The notation ∆C was
chosen to highlight the fact that the contribution of heat and work is depending
on a specific path C in the space of state variables. If heat is absorbed by the
system, the sign is positive.

∆E = ∆CQ + ∆CW (2.1a)

dE = đQ + đW. (2.1b)

In Eq. (2.1b), a microscopic change of the internal energy is expressed in form of
a differential. The left side of the equation is in fact a total differential. As the
internal energy is a state function, the change of internal energy is independent
of the path in the space of state variables. In contrast, the change of heat and
work is mathematically a one-form differential but not a total differential. The
independence of the path in the space of state variables is not given. Hence, the
change of heat and work is denoted with đ. The formulation of the second law
by Clausius [5] led to the introduction of the entropy as a state function.
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The entropy S is given by

S(z) = S(z0) +
∫

C(z0→z)

đQrev

T
(2.2a)

dS = đQrev

T
, (2.2b)

where z0 is a start point in the state space of thermodynamic variables, z an
end point in state space and đQrev is the change of heat during a reversible
process. The inverse temperature is therefore an integrating factor for the one-
form differential đQrev. In Eq. (2.2b), the entropy is written as a differential.
The introduction of entropy leads to Gibb’s fundamental law

dE = T dS − p dV + µ dN. (2.3)

Here T is the temperature, p denotes the pressure and µ stands for the chemical
potential. The symbols dE, dS, dV and dN represent a small change in energy,
entropy, volume or particle number. Equation (2.3) makes it possible to calcu-
late the change of internal energy in a system for changes of the state variables
entropy, volume and particle number.

2.2. Second law

In thermodynamics, the second law sets the arrow of time. Consider a system
and its environment that undergo a change of entropy ∆Ssys and ∆Senv during
a process. It turns out that the total entropy change ∆Stot = ∆Ssys + ∆Senv
can only be positive for isolated thermodynamic systems:

∆Stot ≥ 0. (2.4)

No change of entropy (∆Stot = 0) is only reached by reversible processes. Now,
a state of equilibrium can be defined by a vanishing entropy production Ṡtot = 0.
This formulation is sufficient in contrast to the naive definition of an equilibrium
state at the start. The second law was originally not formulated in the way
shown above. Historically, thermodynamics was mostly about heat engines.
From that point of view, notable equivalent formulations of the second law
are from Clausius [6] and Kelvin [23]. The formulation of the second law by
Clausius says that, when two systems are in thermal contact without further
energy exchange in form of work, the heat will only flow from the system with
the higher temperature to the system with the lower temperature. Kelvin’s
formulation stated that, for a cyclic process, the heat absorbed by the system
can not be fully converted into work.
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2.3. Carnot efficiency
A very important process in thermodynamics is the Carnot process. First of all,
it gives an upper bound for the thermal efficiency for heat engines according to
Carnot’s theorem [4]. We will later express the efficiency at maximum power
of the minimal model in terms of Carnot efficiency. Therefore, a good under-
standing of the limits of Carnot efficiency is helpful. The Carnot process is a
thermodynamic cyclic process pictured in Fig. 2.1 and exchanges heat with the
environment only at two temperatures. The Carnot process can run reversible
or irreversible.

Figure 2.1.: Carnot process working with the hot reservoir at temperature Th

and the cold reservoir at temperature Tc. An amount of heat ∆Qa

and ∆Qb is exchanged.

A path in the space of state variables can be assigned to each thermodynamic
process. Reversibility is now given if a process can be stopped and the exact
path in the space of state variables can be traversed in the opposite direction
to the starting point. All paths of reversible processes describe a manifold and
the paths of irreversible processes leave this manifold at one point.
To continue, the Carnot process can be divided into four parts:

• 1 → 2: adiabatic compression from a cold temperature Tc to a hot tem-
perature Th, with the volume changing from V1 to V2

• 2 → 3: isothermic expansion from volume V2 to V3 (∆T = 0)

• 3 → 4: adiabatic expansion from temperature Th to Tc, with the volume
changing from V3 to V4

• 4 → 1: isothermic compression from volume V4 to V1 (∆T = 0)
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Thermal efficiency is defined as the quotient of outgoing work to incoming heat.
Using the first law in Eq. (2.1a) and ∆Q = ∆Qa + ∆Qb yields the Carnot
efficiency

ηc = −∆W

∆Qa
= 1 + ∆Qb

∆Qa
. (2.5)

As the initial state is also the final state after one completion of the cycle, the
entropy of the system has not changed. Therefore, the entropy changes ∆Sa

and ∆Sb obey ∆Sa = −∆Sb. When the Carnot engine is run reversible, Qb/Qa

is independent of the working substance. Thus, the ideal gas can be chosen as
a working substance and

ηc = 1 − Tc

Th
(2.6)

follows with the caloric state function. As an alternative, the same expression
can be calculated with the definition of the entropy in Eq. (2.2b). It can be
observed that an ideal efficiency of 1 is only achieved in a Carnot process if the
cold heat bath is at temperature Tc = 0, which is forbidden by the third law
of thermodynamics. With the formulations of the second law of Clausius and
Kelvin and an argument based on reversibility, it can be proven that

Qc

Tc
+ Qh

Th
≤ 0 (2.7)

holds for any Carnot process. Now, any cyclic process can be approximated by
a sequence of Carnot processes. This turns Eq. (2.7) into an integral∮

C

đQ

T
≤ 0 (2.8)

where the equality only holds if the process C is reversible. Any heat engine
reaches a maximal and a minimum temperature while undergoing a cyclic pro-
cess. For the Carnot process, the cold temperature is the minimal temperature
Tc = Tmin and the hot temperature is the maximal temperature Th = Tmax.
With the maximal and minimal temperature and splitting the integral into dis-
pensed heat and absorbed heat, Eq. (2.8) can be estimated downwards [13].
This approach yields

0 ≥
∮

C

đQ

T
=

∮
đQ>0

đQ

T
−

∮
đQ<0

|đQ|
T

≥ 1
Tmax

∮
đQ>0

đQ − 1
Tmin

∮
đQ<0

|đQ|

≥ Qto
Tmax

− |Qfrom|
Tmin

⇒ |Qfrom|
Qto

≥ Tmin
Tmax

. (2.9)

The expression of the efficiency of any heat engine is then

η = 1 − |Qfrom|
Qto

≤ 1 − Tmin
Tmax

= ηC (2.10)
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always equal or less than the Carnot efficiency. The heat engine is only required
to run on a cyclic process. Despite that, there are no other restrictions. There-
fore, it is proven that the Carnot efficiency is indeed an upper bound for any
heat engine.

2.4. The Curzon-Ahlborn efficiency
It was seen that the highest possible thermal efficiency is reached by a Carnot
engine, which is run reversible. However, reversibility requires that the pro-
cess is quasi-static. A quasi-static process runs through a sequence of equilib-
rium states. This means that the system has to relax to the equilibrium state
before the next state in the sequence can be reached. Mathematically, quasi-
stationarity is never reached in any process. In reality, a process can be in the
near of quasi-stationarity if the time scale of the process is significantly larger
than the time scale of the relaxation time of the system. But constructing a
Carnot engine is in reality very impractical because implementing the adiabatic
transitions poses a major challenge for engineers. To stay in the engineer’s per-
spective, it is valuable to know the maximum of power that can be extracted
from a heat engine. The efficiency evaluated at this point of maximum power
is also of interest. Curzon and Ahlborn investigated a Carnot engine where the
heat flow is modeled irreversibly with the Fourier law for heat transfer. They
calculate the efficiency at maximum power for this engine and it matches sur-
prisingly well with the efficiency of power plants in reality, see Ref. [7]. The
derivation of Curzon and Ahlborn for the Carnot engine pictured in Fig. 2.1
will be illustrated shortly. During the isothermal expansion phase 2 → 3, the
heat flux Ja

Ja = α(Th − Twh) (2.11)
is depending on the temperature Th of the hot reservoir, the temperature Twh of
the working substance and a thermal conductivity constant α. As the isothermal
expansion lasts t1 seconds, the heat contribution to the system is

Qa = Jat1 = αt1(Th − Twh). (2.12)

For the isothermal compression in phase 4 → 1, the dispensed heat is equal to

Qb = βt2(Tc − Twc), (2.13)

where β is again a thermal conductivity constant, t2 is the duration of the
isothermal compression, Tc is the temperature of the cold reservoir and Twc the
temperature of the working substance. Then, it is assumed that the adiabatic
compression 3 → 4 and expansion 1 → 2 take the time (γ − 1)(t1 + t2), where
γ is a constant larger than one. So the duration of the adiabatic processes is at
least proportional to the duration of the isothermal transitions. As there is no
change of internal energy, the amount of outgoing work is given by

−W = Q = Qa + Qb. (2.14)
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One finds for the power output and the efficiency

P = Qa + Qb

(t1 + t2)γ (2.15a)

η = Qa + Qb

Qa
. (2.15b)

The whole process is run reversible. While the adiabatic expansion and com-
pression produce no entropy change, the isothermal expansion and compression
lead to a change of entropy ∆Sa and ∆Sb. Because of reversibility, the entropy
changes ∆Sa and ∆Sb can be written down as

∆Sa = Qa

Twh
(2.16a)

∆Sb = Qb

Twc
. (2.16b)

However, the entropy change of the system follows ∆Ssys = 0, because it is a
cyclic process. Then, the sum of ∆Sa + ∆Sb needs to be zero

∆Ssys = ∆Sa + ∆Sb = 0. (2.17)

Inserting Eq. (2.16b) and (2.16b) and the expressions for Qa and Qb in Eq.
(2.12) and (2.12) yields

t1
t2

= βTwh(Twc − Tc)
αTwc(Th − Twh) . (2.18)

Eq. (2.18) can be used to simplify the expression for power in eq. (2.15a). As a
result, one gets, with introduction of the variables x = Th−Twh and y = Twc−Tc,
the expression

P = αβxy(Th − Tc − x − y)
γ[βThy + αTcx + xy(α − β)] (2.19)

for power. The power output can now be maximized with respect to variables
x and y requiring the derivatives to vanish

∂P

∂x
= 0 (2.20a)

∂P

∂y
= 0. (2.20b)

It’s important to see the nature of this optimization. The temperatures Th and
Tc are assumed to be fixed. To maximize power, one can only variate the tem-
perature of the working substance in the isothermal expansion and compression
phase. The derivatives in Eq. (2.20a) and (2.20b) give conditions eliminating
the variables x and y after some algebra. Finally, the so-called Curzon-Ahlborn
efficiency reads

ηCA = 1 −
√

Tc

Th
= 1 −

√
1 − ηc. (2.21)
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An interesting thing to see is that ηCA does not depend on the thermal con-
ductivities α and β and the time constant γ. The efficiency can be expressed
in terms of the Carnot efficiency ηc by expanding the equation for small ηc

(equilibrium)
ηCA = 1

2ηc + 1
8η2

c + o(η3
c ). (2.22)

As we see later, the coefficient in linear order 1
2 has universality for a specific

class of stochastic thermodynamic machines at maximum power. Therefore, it’s
interesting to see that this coefficient is also a result of a macroscopic analysis
of a Carnot engine at maximum power.
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3. Irreversible thermodynamics
Processes in thermodynamics can be labeled as reversible and irreversible. In the
space of state variables, the paths of reversible processes describe a manifold and
reversibility ends when a process leaves the manifold. But how can reversibility
be defined mathematically? An example of an irreversible process is the heat
equation

1
α

∂T

∂t
= △T (3.1)

which describes general heat conduction. The constant α is the thermal diffu-
sivity and T is the temperature. When the time t is substituted with a new
parameter t′ = −t, the corresponding equation is not the heat equation. There-
fore is the heat equation not invariant for the substitution t → t′. Because t → t′

stands for a reversal of time, heat conduction is not reversible. For irreversible
processes, the arrow time is given by the second law of thermodynamics in Eq.
(2.4) as the change of entropy of the environment and the system can only be
positive.

3.1. The principle of microscopic reversibility
The Hamilton equations for a system without an external magnetic field or
overall rotation are symmetric under time reversal. The Hamilton equations are
given by

dqk

dt
= ∂H(q, p)

∂pk
and dpk

dt
= −∂H(q, p)

∂qk
, (3.2)

where H(q, p) is the Hamilton function, q denotes the general coordinates and
p stands for the respective conjugate momenta. The Hamilton equations stay
invariant for the substitution t → t = −t, qk → qk = qk and pk → pk = −pk and
therefore are invariant for time reversal. For each possible trajectory in phase
space, another eligible trajectory can be found by reflecting the values of pk

and traversing it in the opposite direction, more in Ref. [26]. This also means
that, in phase space, the starting point (qst

k , pst
k ) and the end point (qend

k , pend
k )

become (qend
k , pend

k ) and (qst
k , pst

k ) respectively after reversing time. The principle
of microscopic reversiblity first states that microscopic dynamics of particles
inherit time reversibility from the Hamilton equations. Second, it requires every
process to have a reverse process and in equilibrium, the process and its reversed
process take place at an equal rate. Extending the point of equal rates to
macroscopic physics leads to the principle of detailed balance. The Onsager
reciprocal relations are also implied by microscopic reversibility.
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3.2. Thermodynamic forces, linear response and
reciprocal relations

The following illustration is based on [2]. In macroscopic irreversible thermo-
dynamics, a thermodynamic process is driven by a generalized force X which
cause a response from the system in form of flux J . The force X is the change
of the entropy with regard to an extensive state variable α and the flux J is the
change of the state variable α with time.

dStot
dt

= dStot
dα

dα

dt
= JX with J = dStot

dα
and X = dα

dt
(3.3)

Because entropy is additive, multiple sources of entropy production can be iden-
tified in a system leading to various fluxes and thermodynamic forces

dStot
dt

=
∑

i

dSi

dt
=
∑

i

JiXi (3.4)

If the system, in which the process takes place, is at equilibrium, the ther-
modynamic forces vanish and the entropy production is zero. The introduced
thermodynamic forces can be compared to a restoring force driving the system
to the equilibrium state. Within linear response theory of macroscopic irre-
versible thermodynamics, the flux J is proportional to the thermodynamic force
X

J = LX (3.5)

with L being a constant. Consider two irreversible transport processes like heat
and electrical conduction to take place in a system. The heat flux J1 is not
only dependent on the corresponding thermodynamic force X1 but is instead
also influenced by the thermodynamic force X2 attributed to the electrical con-
duction. This cross-influence is widely documented. Notable examples for such
a cross-dependence are the Thomson effect [23], the Peltier effect [16], and the
Seebeck effect [21]. All these effects deal with an electrical current being influ-
enced by a temperature gradient or vice-versa. Therefore, the constant L needs
to be extended to a second-order tensor L

Ji =
∑

j

LijXj (3.6)

where the cross-dependence is now incorporated. The elements Lij are called
Onsager coefficients. With the concept of microscopic reversibility and the the-
ory of fluctuations, it was proven by Onsager [15] that the tensor L obeys the
reciprocal relations

Lij = Lji (3.7)

and is therefore symmetric. When the system is far enough away from equilib-
rium, the linear approximation of the fluxes with the thermodynamic forces is
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not valid anymore and a local equilibrium can not be defined. A local equilib-
rium means that equilibrium can be assumed in a neighborhood about a point
in thermodynamic space because the intensive parameters are varying slowly in
space and time. Then, the reciprocal relations are invalid.
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4. The master equation

To describe irreversible microscopic systems, the theory of ensembles and macro-
scopic irreversible thermodynamics can not be put to use. It’s possible to build
up a microscopic theory of irreversibility on the basis of Markovian processes. In
this case, the master equation will be used to describe microscopic irreversible
systems. The treatment of the master equation will be based on the description
in Ref. [26].

4.1. Derivation of the master equation

The master equation can be derived from the Chapman-Kolmogorov equation
for small time intervals and differentiable transition rates defined continuously
in time. First, the probability distribution P of a stochastic variable X will
be denoted with P (X). The probability density should be nonnegative and
normalized

P (x) ≥ 0 (4.1a)∫
P (x)dx = 1. (4.1b)

The probability distribution P (X) can be used to define statistical values such as
average or variance. Also, the stochastic variable can be allowed to have multiple
components r. Then, P (X) is a function of each component P (x1, . . . , xr). We
can also introduce a conditional probability

P (x1, . . . , xs|xs+1, . . . , xr), (4.2)

which gives the probability of getting values x1 to xs under the condition that
xs+1 to xr are fixed. This leads to Bayes’ rule, which can be formulated as

P (x1, . . . , xs|xs+1, . . . , xr)P (xs+1, . . . , xr) = P (x1, . . . , xr). (4.3)

Bayes’ theorem essentially says that we can get the probability P (x1, . . . , xr) by
using the conditional probability P (x1, . . . , xs|xs+1, . . . , xr) and the probability
P (xs+1, . . . , xr). However, Bayes’ rule is mostly used to obtain the conditional
probability P (x1, . . . , xs|xs+1, . . . , xr).
Finally, we can turn to stochastical processes. The stochastic variables in the
case of stochastic processes can be seen as tupels (ti, yi), which consist of a
point in time ti and a value yi at that point in time. Generally, the conditional
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probability of a stochastic process for (tn, yn) is depending on all prior tupels
(ti, yi)

P (yn, tn|y1, t1; . . . , yn−1, tn−1). (4.4)
A Markovian process is now defined by the requirement that the conditional
probability for (tn, yn) should only depend on the last previous tuple (tn−1, yn−1).
Therefore, all the other prior tuples are completely irrelevant. The process holds
no memory of the other prior states. The property of Markovian processes can
be expressed as

P (yn, tn|y1, t1; . . . ; yn−1, tn1) = P (yn, tn|yn−1, tn−1), (4.5)

The Chapman-Kolmogorov equation

P (y3, t3|y1, t1) =
∫

P (y3, t3|y2, t2)P (y2, t2|y1, t1)dy2 (4.6)

provides an identity that needs to be obeyed by probability densities of Marko-
vian processes. It describes that the conditional probability P (y3, t3|y1, t1) can
be found by creating an intermediate point (y2, t2) and summing up the condi-
tional probabilities to and from all intermediate points. If a Markovian process
is stationary, the transition probability is only depending on the time interval
τ = t2 − t1 and shall therefore be written as

P (y2, t1 + τ |y1, t1) = Tτ (y2|y1) with τ = t2 − t1. (4.7)

The Chapman-Kolmogorov equation can then be rewritten as

Tτ+τ ′(y3|y1) =
∫

Tτ ′(y3|y2)Tτ (y2|y1)dy2. (4.8)

For small ∆τ the transition probability can be approximated by

T∆τ (y2|y1) = (1 − a0∆τ)δ(y2 − y1) + ∆τW (y2|y1) + o(∆τ) (4.9)

where W (y2|y1) is a transition probablity per unit time from y1 to y2. The
coefficient (1 − a0∆τ) denotes the probability that no transition occurs. The
constant a0 is therefore the probability that any transition happens, so a0 can
be calculated as

a0(y1) =
∫

W (y2|y1)dy2. (4.10)

Plugging Eq. (4.9) into the Chapman-Kolmogorov equation in Eq. (4.8) for Tτ ′

yields

Tτ+∆τ (y3|y1) = [1 − a0(y3)∆τ ]Tτ (y3|y1) + ∆τ

∫
W (y3|y2)Tτ (y2|y1)dy2. (4.11)

Taking the limit ∆τ → 0 after dividing by ∆τ brings up the differential form

∂Tτ (y3|y1)
∂τ

=
∫

[W (y3|y2)Tτ (y2|y1) − W (y2|y3)Tτ (y3|y1)] dy2, (4.12)
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which is called master equation. Suppose a system has a discrete amount of m
microscopic states. Then, the probability density is also discrete and the master
equation in Eq. (4.12) simplifies to

dpm

dt
=

∑
m′ ̸=m

(Wmm′pm′ − Wm′mpm) , (4.13)

where Wmm′ is the transition probability per unit time from state m′ to m and
pm the probability to be in state m. In this form, it is apparent that the master
equation is essentially a gain-loss equation as Wmm′ ≥ 0 is valid for m ̸= m′.
The diagonal terms Wmm′ , where m = m′, are not contributing to a change
of pn. To sum it all up, the master equation can be used to model Markov
processes in continuous time if transition rates can be defined, which requires
an analytical behavior of transition probabilities for small time steps.

4.2. Properties of the master equation

A matrix W can be introduced as follows:

Wmm′ = Wmm′ − δmm′
∑
m′′

Wm′′m. (4.14)

Because the diagonal element Wmm′ vanishes, it is possible to introduce a new
diagonal element containing the loss term of Eq. (4.13). The master equation
then takes the form

ṗm(t) =
∑
m′

Wmm′pm′(t) (4.15)

or in compact vector-matrix notation

ṗ(t) = Wp(t). (4.16)

This formulation is appealing in the sense that it does not differ much from
differential equations physicists are used to deal with. It’s now easy to see
that the master equation is a linear differential equation of first order and has
some similarity to the Schrödinger equation. However, there is a very important
difference as the coefficient matrix of these two differential equations has entirely
different properties. The Hamilton operator H is symmetric and thus can be
diagonalized. A transformation into the eigenspace makes dealing with the
Schrödinger equation pretty convenient. In contrast, the matrix W does not
need to be symmetric but has the two properties

Wmm′ ≥ 0 for m ̸= m′ (4.17a)∑
m

Wmm′ = 0 for each m′. (4.17b)
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Equation (4.17a) states that off-diagonal elements are nonnegative. This stems
from the fact that the off-diagonal elements are transition probabilities. Equa-
tion (4.17a) is not valid for the diagonal element, because it was introduced as
a negative sum of positive transition probabilities. Furthermore, Eq. (4.17b)
incorporates the fact that probability has to be conserved. Following Ref. [26],
a matrix will be called a W-matrix when Eq. (4.17a) and (4.17b) apply. It
can be seen from Eq. (4.17b) that a W-matrix always has the left eigenvector
(1, . . . , 1) with zero eigenvalue. Linear Algebra then also requires a W-matrix
to have a right eigenvector with eigenvalue zero. In the context of stochastical
thermodynamics, this right eigenvector is called steady-state solution pss of the
master equation and is determined by

W pss = 0. (4.18)

The steady-state solution is a key point in dealing with irreversible thermody-
namic processes and will be subject to the rest of this work. It will be also be
proven that the master equation is asymptotic stable. Any initial probability
distribution p will relax into the steady-state solution. This justifies the focus
on this steady-state solution, which will serve as a basis for the later introduced
stochastical thermodynamics.

4.3. Relaxation towards the stationary solution and
uniqueness

In the prior section, the master equation was derived from a Markovian process.
And it was shown that at least one stationary solution exists. However, it’s not
a trivial question whether or not this stationary solution is even a probability
distribution, let alone stable. What does it matter when irreversible thermo-
dynamics can be treated in the regime of the steady-state solution, but this
solution is never reached or unstable? The Uniqueness of the stationary solu-
tion is an important property. This means that the stationary solution given
by Eq. (4.18) is the only stationary solution possible. Relaxation towards the
stationary solution means that any arbitrary starting condition tends towards
the stationary solution for t → ∞

pn(t) − pss
t→∞−−−→ 0. (4.19)

Uniqueness and relaxation will be proven with Ref. [26]. However, there are
multiple different approaches, e.g. Ref. [19], which uses network theory and
Lyapunov stability. It is assumed that ϕ(t) is any arbitrary solution of the
master equation with states n. For each state n at a time t, the components of
ϕ(t) can be sorted after positivity, negativity or equality to zero and be assigned
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an index u, v, w:

ϕ(u)
n (t) > 0, u ∈ U

ϕ(v)
n (t) < 0, v ∈ V

ϕ(w)
n (t) = 0, w ∈ W

By using the definition of a W-matrix, the derivation in time of the arbitrary
solution ϕ(t) can be evaluated to be zero:∑

n

ϕ̇n(t) =
∑

n

∑
n′

Wnn′ϕn′ =
∑
n′

ϕn′
∑

n

Wnn′ = 0 (4.20)

The sum of all positive and negative terms can be defined as U(t) and V (t)

U(t) =
∑

u

ϕu(t) V (t) =
∑

v

ϕv(t) (4.21)

The first investigation concerns the change of U(t) with time. For the intervals,
where no terms enter the sum U(t), the change U̇(t) can be written as

U̇(t) =
∑

u

ϕ̇u =
∑

u

(∑
u′

Wuu′ϕu′ +
∑
v′

Wuv′ϕv′

)

=
∑
u′

(
−
∑

v

Wvu′ −
∑
w

Wwu′

)
ϕu′ +

∑
v′

(∑
u

Wuv′

)
ϕv′ . (4.22)

To arrive at Eq. (4.22), one can use the property of a stochastical matrix in
Eq. (4.17b), because the sums over u′ and u and over u and v can be switched:∑

n

Wn,u′ = 0 =
∑

u

Wu,u′ +
∑

v

Wv,u′ +
∑
w

Ww,u′∑
u

Wu,u′ = −
∑

v

Wv,u′ −
∑
w

Ww,u′ = −
∑

v

Wv,u′ −
∑
w

.Ww,u′

For the other sum follows ∑
u

Wu,v′ =
∑

u

Wu,v′ .

Note that summing over u is not the same as summing over n in Eq. (4.17b).
It can be seen in Eq. (4.22) that

U̇(t) ≤ 0 (4.23)

holds for time intervals, where no term enters U , as the sum only consists of
negative terms. For the points in time, where terms enter the sum, U is not
differentiable but still continuous. Therefore, U is continuous for all times t.
Because the inequality in Eq. (4.23) is only broken for discrete points in time
and U is continuous for all times t, the sum U(t) can not increase. In Eq. (4.20),
it was shown that the probability distribution ∑

n ϕn(t) is conserved in time.
Therefore, the sum U(t)+V (t) is also constant. The sum U(t) is non-increasing
(U̇(t) ≤ 0), so the sum V (t) has to be non-decreasing (V̇ (t) ≥ 0). This leads to
an interesting fact.
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Corollary 1. If ϕn(0) ≥ 0 for all n, then ϕn(t) ≥ 0 for all n

If ϕn(0) ≥ 0 for all n, then ϕn(0) < 0 holds for no n. Then, the set V has to
be empty and V (0) = 0 is valid. As the sum V is non-decreasing V̇ (t) ≥ 0, it
has to stay empty for all times t. If the initial condition ϕ(0) is a probability
distribution which is is non-negative (ϕ(0) ≥ 0), then the arbitrary solution
ϕ(t) will stay non-negative for all times t. The corollary ensures that once
a probability distribution is chosen as an initial state, the solution will also
consist of probability distributions.

The second part of the proof can not be illustrated accurately in this context.
However, the general idea is to assume that the system described by the master
equation is a typical microscopic system. The system should not consist of
two subsystems and splitting subsystems, where probability is absorbed by one
system. Two subsystems connected by one edge only passable in one direction
are also excluded. Equation (4.23) makes sure that U(t) converges for the limit
t → ∞ to a value U(∞) ≥ 0 as U(t) is by definition non-negative. The same
argument can be made for V (∞). For convergence, it is important that both
U̇(∞) = V̇ (∞) = 0 vanish. The arbitrary solution starts with an initial value C∑

n

ϕn(0) = C = const. (4.24)

Next, the following corollary postulates that all terms of the arbitrary solution
will ultimately have the same sign.

Corollary 2. The terms of a solution ϕn are strictly non-negative or non-
positive for t → ∞ meaning either ϕn(∞) ≥ 0 or ϕn(∞) ≤ 0 ∀n

If it’s proven that for a C ≥ 0 the sum V (∞) = 0 or for a C ≤ 0 the sum
U(∞) = 0 vanishes, then all terms of ϕn(t) will have the same sign ultimately.
This can be proven with an argument about typical microscopic systems. The
corollary is important because then a probability distribution can be a stationary
solution ϕ(∞) of the master equation.

A stationary probability distribution ps has non-negative components and the
sum of all states is C = 1. Imagine two probability distributions p

(1)
n and p

(2)
n

governed by the master equation. Because of linearity, the superposition is also
a solution of the master equation

ϕn = p(1)
n − p(2)

n with C = 0. (4.25)

It’s seen that for C = 0 all terms of ϕn have to vanish because U is non-increasing
and V is non-decreasing. Then, the two solutions are equal

ϕn = p(1)
n − p(2)

n
t→∞−−−→ 0. (4.26)

It’s now clear that only one time-independent stationary probability distribution
exists. And this stationary distribution is also attractive for every probability
distribution as an initial distribution.
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4.4. The principle of detailed balance
The principle of detailed balance was first proposed by Boltzmann to prove his
famous H-Theorem. When the transition probabilities Wm,m′ and Wm′,m obey
a balance equation with regard to the equilibrium occupation probabilities peq

m

and peq
m′

Wm,m′peq
m′ = Wm′,mpeq

m ., (4.27)

then the occupation probabilities pm will tend for t → ∞ towards the equilibrium
occupation probability for that state. The equilibrium occupation probabilities
are given by the ensemble theory. The principle of detailed balance can be
seen as microscopic reversibility since each process has the same non-conditional
probability to take place as its inverse process in the equilibrium state. In fact,
demanding microscopic reversibility is sufficient enough to derive the principle
of detailed balance.
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5. Stochastic thermodynamics
This chapter is primarly based on elobarations from van den Broek, see Ref. [25].
Stochastic thermodynamics is introduced by an example of a system governed
by a master equation in contact with ν heat and particle reservoirs. Because
the system is described by a master equation, irreversibility is built in from
the start. An energy εm, an occupation probability pm and a time-independent
particle number nm are assigned to each state m. The average energy and the
average particle number can be calculated by

ε =
∑
m

εmpm (5.1)

n =
∑
m

nmpm. (5.2)

A probability flux Jm,m′ can be introduced as

Jm,m′ = Wm,m′pm′ − Wm′,mpm (5.3)

with Wm,m′ and Wm′,m being the transition probabilities between the states m
and m′. The master equation in Eq. (4.13) can then be written as

dpm

dt
=
∑
m′

Jm,m′ , (5.4)

where the sum on the right is the total probability flux to state m (including gain
and loss terms). To simplify the notation, the energy and particle differences
εm,m′ and nm,m′ are defined as

εm,m′ = εm − εm′ (5.5)
nm,m′ = nm − nm′ . (5.6)

The system is in contact with a number ν of heat and particle reservoirs. Each
reservoir is in equilibrium at a temperature T (ν) and chemical potential µ(ν).
To further build up the theory, it is assumed that each reservoir contributes an
additive term to the total transition matrix W

W =
∑

ν

W(ν). (5.7)

This assumption seems plausible because the master equation is linear. Then, it
follows that also the probability flux Jm,m′ consists of additive terms from each
reservoir

Jm,m′ =
∑

ν

J
(ν)
m,m′ . (5.8)
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An energy, particle and heat change can be attributed to a reservoir ν

Ė(ν) = 1
2
∑

m,m′

εm,m′J
(ν)
m,m′ (5.9)

Ṅ (ν) = 1
2
∑

m,m′

nm,m′J
(ν)
m,m′ (5.10)

Q̇(ν) = 1
2
∑

m,m′

q
(ν)
m,m′J

(ν)
m,m′ . (5.11)

The factor 1/2 arrises when Ė, Ṅ and Q̇ are written in the compact notation
εm,m′ and nm,m′ , but can always be switched with a sum over m and m′ with the
condition m > m′. In Eq. (5.11), the difference between energy and chemical
work is written as a heat contribution from reservoir ν in accordance with the
first law. The heat contribution q

(ν)
m,m′ is defined as

q
(ν)
m,m′ = εm,m′ − µ(ν)nm,m′ (5.12)

The chemical work contribution of each reservoir is given by

Ẇ
(ν)
chem = µ(ν)Ṅ (ν) = 1

2
∑

m,m′

µ(ν)nm,m′J
(ν)
m,m′ . (5.13)

5.1. Entropy production

In the context of stochastic thermodynamics, the Shannon entropy is used. This
definition of entropy is named after Shannon, see Ref. [22], and agrees in equi-
librium with statistical physics. It’s verified by plugging in the probability from
ensemble theory. Then, the corresponding differential can be derived. The
Shannon entropy for the system is

Ssys = −kB
∑
m

pm ln pm (5.14)

where kB is the Boltzmann constant and pm denotes the probability to be in
state m. Now, the entropy production can be investigated. Two separate parts
can be identified in the entropy production. As illustrated in Ref. [25], the
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entropy change of the system can be written as
dSsys

dt
= − kB

∑
m

dpm

dt
ln(pm) − kB

∑
m

dpm

dt

= − kB

∑
m

dpm

dt
ln(pm) − kB

d
dt

∑
m

pm

= − kB
∑

m,m′,ν

W(ν)
m,m′pm′ ln(pm)

= − kB
2

∑
m,m′,ν

[
W(ν)

m,m′pm′ ln(pm) + W(ν)
m′,mpm ln(pm′)

]
= − kB

2
∑

m,m′,ν

[(
W

(ν)
m,m′pm′ − W

(ν)
m′,mpm

)
ln(pm)

+
(
W

(ν)
m′,mpm − W

(ν)
m,m′pm′

)
ln(pm′)

]
= kB

2
∑

m,m′,ν

(
W

(ν)
m,m′pm′ − W

(ν)
m′,mpm

)
ln pm′

pm

= kB
2

∑
m,m′,ν

(
W

(ν)
m,m′pm′ − W

(ν)
m′,mpm

)
ln

W
(ν)
m,m′pm′

W
(ν)
m′,mpm

+ kB
2

∑
m,m′,ν

(
W

(ν)
m,m′pm′ − W

(ν)
m′,mpm

)
ln

W
(ν)
m′,m

W
(ν)
m,m′

(5.15)

where the master equation was inserted in the third line. From the fourth to
the fifth line, the definition of the W matrix in Eq. (4.14) was used and the
diagonal element was written out. At first glance, it’s not easy to see why Eq.
(5.15) is a useful way of decomposing the entropy production into two additive
terms. The advantage of writing the entropy production this way is that the
probability flux can be inserted

dSsys
dt

= kB
2

∑
m,m′,ν

J
(ν)
m,m′ ln

W
(ν)
m,m′pm′

W
(ν)
m′,mpm

+ kB
2

∑
m,m′,ν

J
(ν)
m,m′ ln

W
(ν)
m′,m

W
(ν)
m,m′

. (5.16)

Ultimately, the entropy change of the system is depending on the probability
flux, which is zero in equilibrium, and on the quotient of the transition rates
and the occupation probability. With the detailed balance condition, the second
part of Eq. (5.16) reveals that

ln
W

(ν)
m′,m

W
(ν)
m,m′

= ln peq,ν
m′

peq,ν
m

= β(ν)(εm,m′ − µ(ν)nm,m′) = β(ν)q
(ν)
m,m′ (5.17)

can be viewed as a heat contribution from a reservoir ν. One can therefore
associate the second part of Eq. (5.16) with the negative entropy exchange in
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the environment,

−dSenv
dt

= kB
2

∑
m,m′,ν

β(ν)J
(ν)
m,m′q

(ν)
m,m′ =

∑
ν

Q̇(ν)

T (ν) . (5.18)

Then, the first part of Eq.(5.16) resembles the total entropy change with

dStot
dt

= dSsys
dt

+ dSenv
dt

. (5.19)

In analogy to macroscopic non-equilibrium thermodynamics, the total entropy
production can be written as a product of thermodynamic forces and the prob-
ability fluxes

dStot
dt

= 1
2
∑

m,m′,ν

J
(ν)
m,m′X

(ν)
m,m′ with X

(ν)
m,m′ = kB ln

W
(ν)
m,m′pm′

W
(ν)
m′,mpm

. (5.20)

In accordance with macroscopic irreversible thermodynamics, the defined ther-
modynamic forces are zero in equilibrium. Entropy is only produced when the
system is not in equilibrium and W

(ν)
m,m′pm′ ̸= W

(ν)
m′,mpm holds. Surprisingly, the

definition of entropy production is valid for any state of the system, even states
nowhere near equilibrium or the linear response regime. All in all, the entropy
production is in close analogy to macroscopic non-equilibrium thermodynamics
which justifies the use of the Shannon entropy.

5.2. System in contact with two reservoirs
The later studied minimal model is in contact with two reservoirs. As a foun-
dation, a system in contact with two reservoirs and with strong coupling is
discussed. During the discussion, the variables x(c) and x(h) will be defined as
an effective thermodynamic force and we will bring these definitions over to the
minimal model. Therefore, the discussion helps with understanding the back-
ground of x(c) and x(h).
In Fig. 5.1, a system with entropy S, energy E and particle number N is in
contact with two reservoirs. The energy scale is adjusted to E/kB, so kB can be
treated as 1. The left reservoir is at a temperature T (c) with chemical poten-
tial µ(c) and the right reservoir is at a temperature T (h) with chemical potential
µ(h). From each reservoir, there is a heat flow Q̇(ν) and a particle flow Ṅ (ν). The
right reservoir is hotter than the left reservoir, meaning T (h) > T (c). In classical
thermodynamics, the difference in the temperature of the reservoirs can be used
to do work. In this case, it can be used to transfer particles from one reservoir
to the other. In stochastic thermodynamics, the system is governed by a master
equation and therefore relaxes to the stationary solution at long times. The en-
tropy production of the system Ṡsys and the energy change Ė is zero because it
is a steady-state (entropy and energy are state functions). Also, the number of
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Figure 5.1.: A representation of a system in contact with two reservoirs. The
system has an entropy S, an energy E and a particle number N .
Both reservoirs have a chemical potential µ(ν) and a temperature
T (ν). Heat and particles flow from the reservoirs to the system. The
left reservoir is assumed to have a lower temperature than the right
reservoir (T (c) < T (h)).[25]

particles in the system has to stay constant, which requires the particle flow to
be zero Ṅ = 0. Being in a steady-state implies that there is no driving force and
also no work contribution Ẇ (excluding chemical work). Otherwise, it would
lead to a change of occupation probability. The steady-state has not to be an
equilibrium state because a difference in temperature or in chemical potential is
compatible with the stationary solution. Combining the points above leads to

Ė = Ṅ = Ṡsys = Ẇ = 0. (5.21)

The energy flow Ė and the particle flow Ṅ consist of contributions from each
reservoir

Ė = Ė(c) + Ė(h) = J
(c)
E + J

(c)
E (5.22)

Ṅ = Ṅ (c) + Ṅ (h) = J
(c)
N + J

(c)
N . (5.23)

Here, the notation J
(ν)
E = Ė(ν) and J

(ν)
N = Ṅ (ν) is introduced. A preferred

perspective is indicated by naming JE = J
(c)
E and JN = J

(c)
N . This should

illustrate that the focus lays on the energy and particle flow of reservoir one.
Focusing on one particle and energy flow is possible because we look at the
steady-state. Then, it’s found that

JE = J
(c)
E = Q̇(c) + µ(c)Ṅ (c) = Ė(c) = −J

(h)
E = −Q̇(h) − µ(h)Ṅ (h) = Ė(h) (5.24)

JN = J
(c)
N = Ṅ (c) = −J

(h)
N = Ṅ (h).(5.25)

The total entropy production can be attributed to the reservoirs according to
Eq. (5.19) and Eq. (5.21). With Eq. (5.18) follows for the steady-state that

dStot
dt

= dSenv
dt

= −Q̇(c)

T (c) − Q̇(h)

T (h) with Ṡsys = 0 (5.26)
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The total entropy production can be rewritten with Eq. (5.24) as a product of
thermodynamic forces and the energy and particle flux

dStot
dt

= JEXE + JN XN (5.27)

XE = 1
T (h) − 1

T (c) (5.28)

XN = µ(c)

T (c) − µ(h)

T (h) . (5.29)

It takes exactly the form that is known from macroscopic irreversible thermody-
namics. For specific systems, the particle flux JN is proportional to the energy
flow JE with JE = εJN , where ε is an arbitrary constant except ε ̸= 0. If ε > 0
holds, energy and particles flow in the same direction. When ε < 0 is valid, the
particle flow JN and energy flow JE have a different sign and therefore a dif-
ferent direction. The proportionality of energy and particle flux is called strong
coupling, Ref. [25, 8]. With strong coupling, Eq. (5.27) reduces to

dStot
dt

= JX with J = JN and X = XE + XN

ε
(5.30)

There is only one effective thermodynamic force X. Notably, the forces XE

and XN do not need to be zero to have no total entropy production. With the
definition of the variables x(ν) as

x(ν) = ε − µ(ν)

T ν
, (5.31)

it follows for the single collapsed force X

X = x(h) − x(c)

ε
. (5.32)

No entropy is therefore produced, when x(c) = x(h). With the introduction of the
variables x(ν), symmetry is restored, because x(c) and x(c) are both weighted with
1/ε. In this context of strong coupling, the variables x(ν) can be compared to a
thermodynamic force. The chemical work done by a system (without requiring
strong coupling) can be written as

Ẇchem = µ(c)J
(c)
N + µ(h)J

(h)
N = (µ(c) − µ(h))JN (5.33)

= (−T (c)x(c) + T (h)x(h))JN = T (h)(x(h) − (1 − ηc)x(c))JN (5.34)

with ηc being the Carnot efficiency ηc = 1 − T (c)/T (h). The efficiency can now
be defined as the outgoing chemical work in relation to the incoming heat from
the hot reservoir

η = −Ẇchem

Q̇(h) = −T (h)(x(h) − (1 − ηc)x(c))JN

−JE + µ(h)JN
= T (h)(x(h) − (1 − ηc)x(c))

JE
JN

− µ(h)
.

(5.35)
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With the condition of strong coupling, the efficiency simplifies to

η = 1 − (1 − ηc)
x(c)

x(h) . (5.36)

Here, it is interesting to see that, when x(c) = x(h), the corresponding efficiency is
the Carnot efficiency. And since x(c) = x(h) implies no total entropy production
and therefore reversibility, the system works with Carnot efficiency exactly when
it is reversible.
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6. Investigation of a minimal model

In the rest of this work, a minimal model governed by a master equation will
be investigated. The system is in contact with two reservoirs and is able to
exchange energy and particles with the reservoirs. Symmetries of the Onsager
coefficients were studied earlier, see Ref. [2]. The Onsager matrix is indeed sym-
metric beyond the equilibrium state for a special condition. A missing point in
earlier investigated models is that there is no room for particle interactions. All
of the studied systems satisfy the strong coupling property, but strong coupling
is an idealization. The more realistic minimal model extends the quantum dot
and adds particle interaction with an interaction energy u. With the introduc-
tion of particle interaction, the strong coupling property is broken. The exciting
question of this work is how the interaction energy u and interaction in general
influence maximum power and the efficiency at maximum power of the illus-
trated minimal model. Furthermore, the efficiency at maximum power can be
expanded into terms of Carnot efficiency. The Curzon-Ahlborn efficiency was
derived in Sec. 2.4, and, to reiterate, is given by

ηCA = 1 −
√

1 − ηc, (6.1)

where ηc is the Carnot efficiency. An expansion of this expression yields

ηCA = 1
2ηc + 1

8η2 + O(η3
c ). (6.2)

The Curzon-Ahlborn efficiency agrees with the measured efficiencies of real
power plants, see Ref. [7]. But, it’s a result of macroscopic thermodynamics.
Interestingly, when the focus of the investigation is shifted towards microscopic
thermodynamic machines, an analysis of the efficiency at maximum power with
stochastic thermodynamics yields almost the same expansion of the efficiency.
In Ref. [8], a quantum dot was investigated. The system structure of a quantum
dot is very simple as there are only two states and no particle interaction. For a
quantum dot, an expansion of the efficiency at maximum power takes the form

η = 1
2ηc + 1

8η2
c + O(η3

c ). (6.3)

The expansion of the efficiency agrees with the Curzon-Ahlborn efficiency. Next,
it was proven for systems satisfying the strong coupling property that the linear
coefficient 1

2 is universal, see Ref. [9]. Universality can be extended to the coef-
ficient 1

8 when the system has a left-right symmetry, also see Ref. [9]. Another
finding from linear irreversible thermodynamics is that the linear coefficient is
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bounded between 1
2 and 0 for thermodynamic machines in the linear response

regime, Ref. [24]. So, the efficiency at maximum power and the boundaries of
the expansion seem to be well investigated. Nonetheless, microscopic systems
not satisfying the strong coupling property have not been subject to a an in-
vestigation. A main concern should be answering the question if an expansion
of the efficiency at maximum power takes the same form as in Eq. (6.2) and
Eq. (6.3).

6.1. The minimal model
The system is in contact with two reservoirs at temperature T (c) and T (h) and
the chemical potentials µ(c) and µ(h). The energy scale is adjusted to E/kB, so
kB can be treated as 1. A quick summary of the three different states is given

Energy Particle number
State 0 0 n = 0
State 1 ε n = 1
State 2 2ε + u n = 2

Table 6.1.: Energies and particle numbers of the three different states.

in Tab. 6.1. Additionally, the minimal is illustrated in Fig. 6.1. In state 0, no
particle is in the system and the energy is 0. With state 1, one particle is in the
system and the energy of the system is ε. In state 2, two particles are in the
system having the energy 2ε + u, where u is the interaction energy. The system
is able to exchange energy and particles with the reservoirs. The probability for
a transition from state m′ to m is given by

W
(ν)
m,m′ = α

1 + exp
(
β(ν)(εm,m′ − µ(ν)nm,m′)

) (6.4)

with α being a constant and β(ν) being the inverse thermal energy, β(ν) =
1/kBT (ν). These so-called “Glauber“ rates were first introduced by Glauber,
see Ref. [10]. The notation of εm,m′ and nm,m′ was introduced in Eq. (5.5) and
Eq. (5.6). The constant α is in general called an “attempt frequency“. For the
sake of simplicity, α will be set to 1. A transition from state 0 to state 2 or vice-
versa is forbidden. For the inverse transition from state m to m′, the transition
probabilities obey

W
(ν)
m′,m = 1 − W

(ν)
m,m′ . (6.5)

The transition rates need to be in agreement with properties at equilibrium.
Therefore, a partial detailed balance is required with regards to the grand canon-
ical distribution

W
(ν)
m′,m

W
(ν)
m,m′

= exp
(
β(ν)[εm,m′ − µ(v)nm,m′ ]

)
. (6.6)
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(a)

(b)

(c)

Figure 6.1.: The minimal model is in contact with two reservoirs. The left reser-
voir is at a temperature T (c) and chemical potential µ(c) and the
right reservoir is at a temperature T (h) and chemical potential µ(h).
The temperatures obey T (c) < T (h). So, the left is the cold reservoir
and the right is the hot reservoir. In (a), (b) and (c), the energy
ε is set to 0 just for simplification. In (a), the minimal model is
illustrated in state 0. No particle is in the system, but one particle
can transition from the reservoirs into the system. Figure (b) shows
the system in state 1. The particle in the system can either transi-
tion back into the reservoirs or another particle from the reservoirs
comes into the system. In (c), the minimal is illustrated in state 2.
Two particles are in the system. The interaction energy u is added
on top of the energy 2ε. When the minimal model is in state 2,
one particle can only transition into the reservoirs. The figure was
taken from [2] and adapted.
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Details can be found in Ref. [9]. When the interaction energy û is zero, the
minimal model is a twofold quantum dot, which has the same properties as
the regular quantum dot studied in Ref. [8]. For large positive energy barriers
εm,m′ ≫ 0 the transition probability tends to 0. The minimal model is then
turning into a regular quantum dot because state 2 is entirely blocked and has
no relevance. For negative energy barriers εm,m′ ≪ 0, the transition probability
W

(ν)
2,1 becomes 1. In the high-temperature regime, all transition probabilities

converge to 1
2 . A positive interaction energy u makes the transition from state

0 to state 1 more likely as the transition from state 1 to state 2, which means
W

(ν)
1,0 > W

(ν)
2,1 . This implies W

(ν)
0,1 < W

(ν)
1,2 for the inverse transitions. Therefore,

a positive u hinders a transition into state 2 and enforces the transition to state
1 (from state 2). When the interaction energy is negative instead, the transition
probabilities obey W

(ν)
1,0 < W

(ν)
2,1 and therefore W

(ν)
0,1 > W

(ν)
1,2 . A transition into

state 2 is enforced and a transition into state 1 (from state 2) is hindered.

It is also useful to introduce the thermodynamic variables x(c) and x(h) as illus-
trated in Sec. 5.2 with

x(c) = ε−µ(c)

T (c) (6.7)

x(h) = ε−µ(h)

T (h) . (6.8)

A combination of ε, µ(ν) and T (ν) into one parameter x(ν) is a contraction of
the space of ε, µ(ν) and T (ν). The point of maximum power might be described
by curve for different u in the space of x(c) and x(h). In the space of ε, µ(ν) and
T (ν), this curve is decompressed into a manifold of a higher dimension. So, by
varying the combined variables x(c) and x(h), the parameters ε, µ(ν) and T (ν)

are changed simultaneously (when not fixed).

6.2. Ansatz with master equation
The stationary solution of the minimal model was first derived in Ref. [2]. Ac-
cording to the master equation in Eq.(4.13), the dynamics of the state proba-
bilities is described by the following system of differential equations

ṗ0 = W01 p1 − W10 p0 (6.9)
ṗ1 = W10 p0 + W12 p2 − (W01 + W21) p1 (6.10)
ṗ2 = W21 p1 − W12 p2. (6.11)

It can be written in matrix form as

dp

dt
= Wp =

−W10 W01 0
W10 −(W01 + W21) W12

0 W21 −W12

 p. (6.12)
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As we are interested in the stationary solution, the most straightforward step is
to calculate the null space. The transition probabilities consist of contributions
from each reservoir. The rates for the transition m → m′ and its “reverse“
m′ → m are related with

Wm′m = W
(c)
m′m + W

(h)
m′m = 1 − W

(c)
mm′ + 1 − W

(h)
mm′ = 2 − Wmm′ . (6.13)

To make the notation more compact, we introduced a normalisation constant Γ
and two ratios of transition rates γ10 and γ21

γ10 = W01
W10

(6.14)

γ21 = W12
W21

(6.15)

Γ = 1 + W12
W21

+ W12W01
W21W10

. (6.16)

With this notation, the stationary solution is found to be

pst
0 = γ10γ21

Γ (6.17)

pst
1 = γ21

Γ (6.18)

pst
2 = 1

Γ , (6.19)

which gives rise to the probability fluxes Jc
10 and Jc

21

J
(c)
10 = W

(c)
10 γ21
Γ

(
γ10 −

(
1

W
(c)
10

− 1
))

(6.20)

J
(c)
21 = W

(c)
21
Γ

(
γ21 −

(
1

W
(c)
21

− 1
))

(6.21)

With Eq. (5.9), (5.10), (5.24) and (5.25) the particle flux JN and the energy
flux JE is evaluated to

JN = J
(c)
N = Ṅ (c) = −Ṅ (h) = J

(c)
10 + J

(c)
21 (6.22)

JE = J
(c)
E = Ė(c) = −Ė(h) = εJ

(c)
10 + (ε + u)J (c)

21 . (6.23)

The full expressions for JN and JE can be found in Eq. (A.1) and (A.2) in
Sec. A. It’s clearly seen that JE ̸∝ JN breaks the strong coupling condition.
Setting u = 0 reduces the model to a well-investigated quantum dot, see Ref. [8].

6.3. Regime of the calculation
Finding the point of maximum power and the efficiency at maximum power
requires the minimal model to operate as a thermodynamic machine. Heat
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needs to be converted into work. However, the minimal model has various
’modus operandi’ (heat pump, thermodynamic machine, heater). It’s therefore
important to know what constraints to the thermodynamic forces x(c) and x(h)

are imposed by the condition of working as a thermodynamic machine. To
repeat, it is assumed that the temperatures obey

T (c) < T (h). (6.24)

So, there is a difference in temperature between the reservoirs and the imagined
thermodynamic machine should receive a heat flow from the hot reservoir. All
in all, the machine converts heat to chemical work. To do chemical work, the
machine needs to transfer particles from a reservoir with low chemical potential
to a reservoir with high chemical potential. The temperature difference alone
is sufficient to induce a particle flux. Both directions of that particle exchange
are possible. However, here it is assumed that the cold reservoir has a lower
chemical potential

µ(c) < µ(h). (6.25)
Thus, particles are transferred from the cold reservoir to the hot reservoir for
doing work. The two assumptions constrain the variables x(c) and x(h)

x(c) > x(h). (6.26)

All possible solutions have to obey Eq. (6.26).

6.4. The point of maximum power
To obtain the efficiency at maximum power, the point of maximum power in the
space of x(c) and x(h) needs to be found. The chemical power output of a system
in contact with two reservoirs was discussed in Sec. 5.2. Therefore, the power
output of the minimal model is given by Eq. (5.34) with the corresponding
thermodynamic forces x(c) and x(h) in Eq. (5.31):

P = −Ẇchem = T (h)((1 − ηc)x(c) − x(h))JN (x(c), x(h)). (6.27)

The power output can now be maximized for a fixed temperature T (h) with
regard to x(c) and x(h). This translates to an optimization of the scaled power
P/T (h). The derivatives need to be vanishing for the point of maximum power:

∂P

∂x(c) = T (h)
[
(1 − ηc)JN +

(
(1 − ηc)x(c) − x(h)

) ∂J

∂x(c)

]
= 0 (6.28)

∂P

∂x(h) = T (h)
[
−JN +

(
(1 − ηc)x(c) − x(h)

) ∂JN

∂x(h)

]
= 0. (6.29)

With Eq. (6.28) and Eq. (6.29), the corresponding variables x(c) and x(h) max-
imizing the power can be found. After introducing a scaled interaction energy
û as

û = u

T (h) (6.30)
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and substituting T (c) with T (h)(1 − ηc), these equations solely depend on ηc,
û, x(c) and x(h). Therefore, x(c) and x(h) at the point of maximum power
are functions of û and ηc. So, for a fixed scaled interaction energy û and a
fixed Carnot efficiency ηc, values for x(c) and x(h) maximizing power can be
found. As the temperature T (h) of the hot reservoir is also fixed in Eq. (6.27),
the temperatures of both reservoirs remain constant during the optimisation.
Optimizing of the power with regard to x(c) and x(h) equals an optimization
with regard to ε − µ(c) and ε − µ(h) in the non-contracted space. The point of
maximum power in the space of x(c) and x(h) is therefore corresponding to an
one dimensional manifold in the space of all parameters (ε, µ(c), µ(h), T (c) and
T (h)). Dividing Eq. (6.28) by (1 − ηc) and adding (6.29) yields(

x(c) − x(h)

1 − ηc

)(
∂JN

∂x(c) + (1 − ηc)
∂JN

∂x(h)

)
= 0. (6.31)

For the product to be zero, one of the factors needs to be zero. One finds for
the first bracket

x(c) − x(h)

1 − ηc
= 0 ⇐⇒ µ(c) = µ(h), (6.32)

where the chemical potentials of the reservoirs are equal. With even chemical
potentials, the power output of the minimal model is zero. Therefore, the first
bracket describes a minimum. The optimization condition for maximum power
is described by the second bracket

∂JN

∂x(c) + (1 − ηc)
∂JN

∂x(h) = 0. (6.33)

It can be seen that Eq. (6.33) is also only depending on ηc, û, x(c) and x(h).
For the quantum dot with û = 0, the equation can be used to get a function
x(c)(x(h)), see Ref. [8] and Sec. B.2. However, there is no explicit function for
a non-vanishing interaction energy. The variables x(c) and x(h) are functions of
the Carnot efficiency and can therefore be expanded

x(c) = a0 + a1ηc + a2η2
c + O(η3

c ) (6.34)
x(h) = b0 + b1ηc + b2η2

c + O(η3
c ). (6.35)

The coefficients ai and bi are depending on û. Inserting Eq. (6.35) and Eq. (6.35)
into the optimization condition and expanding Eq. (6.33) into terms of ηc results
in

C0 + C1ηc + C2η2
c + O(η3

c ) = 0. (6.36)

By comparing coefficients, one sees that the functions C0, C1 and C2 (which
are depending on ai, bi and û) each need to be zero for ηc ∈ [0, 1). These
conditions can be used to solve for the coefficients a0, a1 and a2. The equation
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C0(a0, b0, û) = 0 has four solutions constraining the coefficient a0. The first two
solutions are given by

a
(1)
0 = b0 (6.37)

a
(2)
0 = −b0 − û. (6.38)

The third and fourth solution a
(3)
0 and a

(4)
0 can be found in Eq. (B.1) and (B.2)

in Sec. B.1. First, one can discard solution a
(3)
0 and a

(4)
0 because these solutions

do not allow negative interaction energies. The condition in Eq. (B.3) is a lower
bound for the interaction energy and requires û > 2. A general solution should
account for positive and negative interaction energies. Also, a solution should
reproduce the solution of the quantum dot for no interaction energy û = 0. For
the twofold quantum dot, the coefficients a0 and b0 obey a0 = b0. A derivation
is illustrated in the appendix in Sec. B.2. To conclude, the only elligble solution
is a

(1)
0 , which will be called a0 from now.

When comparing coefficients in Eq. (6.36) is continued, C1 = 0 can be used
to find one solution for the coefficient a1. After inserting the solution a0, a1 is
only depending on b0 and b1. But the solution for a1 is a large expression and is
moved to the appendix in Sec. B.3. In the same way, one solution for a2 can be
found by demanding C2 = 0. After elimating a0 and a1, the solution for a2 is
a function of b0, b1, b2 and û. However, the solution for a2 is a long expression
and here

a2(b0, b1, b2, û) (6.39)

is written instead. Finally, the coefficients ai of the expansion of x(c) at the point
of maximum power are known. The focus is shifted towards determining the
coefficients b0, b1 and b2. The missing conditions constraining the coefficients bi

are given by Eq. (6.29). After substituting x(c) and x(h) with the corresponding
expansion, the equation can be expanded into terms of the Carnot efficiency ηc,
which results in

K0 + K1ηc + K2η2
c + K3η3

c + O(η4
c ) = 0 (6.40)

After eliminating the coefficients a0, a1 and a2 with Eq. (6.37), (B.6) and (6.39),
the coefficients K0 to K3 are in general depending on b0, b1, b2 and b3 and a3:

K0(b0) + K1(b0, b1)ηc + K2(b0, b1, b2)η2
c + K3(b0, b1, b2, a3, b3)η3

c = 0.

Here, a3 and b3 are the coefficients of the cubic order of an expansion of x(h)

and x(h) in ηc, which were not introduced earlier. However, the coefficient K0
is an identity and is always zero for the solution a0 = b0. In the same way is
K1 only a function of b0 and independent from b1. There is no dependence on
the coefficients ai and bi with the same order of Ki. So the coefficient K3 is
only depending on b0, b1 and b2 and independent from a3 and b3. This is why
an extension of the expansion of x(h) and x(h) up to cubic order is not needed
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to solve K3 = 0. The same pattern can be recognized, when a quantum dot
is investigated, see Ref. [8]. For example, the coefficient K1 can be found in
Eq, (B.7) in Sec. B.4. The resulting expressions for K2 and K3 become long
and can not be illustrated here in an appropiate manner. As a placeholder for
these equations,

K2(b0, b1) (6.41)
K3(b0, b1, b2) (6.42)

is written. Again, comparing coefficients leads to the conditions K1 = 0, K2 = 0
and K3 = 0 because Eq. (6.40) needs to be zero for all ηc ∈ [0, 1). After setting û
to a fixed interaction energy, Eq. (B.7) can be solved numerically for b0. Insert-
ing this numerical value for b0 and the same interaction energy û into K2 = 0
leads to a numerical solution for b1. And finally, with K3 = 0 and b0, b1 and the
same û, a solution for b2 can be obtained. With the coefficients b0, b1 and b2
known for the fixed value of û, the expansion of x(h) at the point of maximum
power up to quadratic order is determined. With Eq. (6.37), (B.6) and (6.39),
the expansion of x(c) at the point of maximum power is also characterized. Note
that the solutions a1 and a2 have poles for specific combinations of û and b0.
However, the poles are excluded when the interaction energy is limited to the
interval from −0.5 to 0.5. The existence of these poles does not mean that the
optimization in general is not working. In fact, it should be seen as something
model specific that there is no single point of maximum power (or at least no
expansion) for discrete interaction energies. For example, such a pole is found
for û = −2. To rule out issues with branch cuts and other problems, it is con-
tinuously checked if the power is actually maximized by the obtained values of
x(c) and x(h).

6.5. The efficiency at maximum power

In Eq. (5.35), a general expression for the efficiency is given. For the minimal
model, the efficiency takes the form

η = x(h) − (1 − ηc)x(c)

x(h) − ûf
g

, (6.43)

where f and g are given by

f =
(
exp

(
x(c)

)
+ exp

(
x(h)

)
+ 2

)
(

exp
(

û

(1 − ηc)
+ x(c)

)
− exp

(
û + x(h)

))
(6.44)
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g = 2
[
exp

(
û

(1 − ηc)
+ û + 2x(c) + x(h)

)
− exp

(
û

(1 − ηc)
+ û + x(c) + 2x(h)

)
+ exp

(
û

(1 − ηc)
+ x(c)

)
+ exp

(
û

(1 − ηc)
+ 2x(c)

)
− exp

(
û + x(h)

)
− exp

(
û + 2x(h)

)]
. (6.45)

To evaluate the efficiency at maximum power, the expansion of x(c) and x(h) in
Eq. (6.35) and (6.35) can be inserted. The coefficients a0, a1 and a2 at the point
of maximum power are given by Eq. (6.37), (B.6) and (6.39). Also, numerical
values of b0, b1 and b2 were obtained. The efficiency can be expanded into terms
of Carnot efficiency after eliminating the coefficients a0, a1 and a2:

η = c0 + c1ηc + c2η2
c + O(η3

c ). (6.46)

The coefficient c0 is zero. Here, the expression of c1 is quite large and therefore
moved to the appendix, see Eq, (C.1) in Sec. C. It is found that the coefficient
c1 of linear order is only a function of b0 and can be calculated for different
interaction energies û and the numerical results for b0. According to Ref. [24],
the linear coefficient has to be bounded upwards by 1

2 in the linear response
regime. It can not easily be seen if the coefficient c1 has an upper bound of 1

2 .
But it becomes apparent, when the numerical results for b0 are inserted and the
linear coefficient is plotted as a function of û, see Fig. 6.9.
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6.6. Numerical results
The numerical solutions of the coefficents ai and bi are calculated for interaction
energies |û| ≤ 0.5. Small interaction energies are chosen, because the behaviour
of the coefficients around û = 0 is the center of interest. The numerical re-
sults for the coefficients a0 and b0 are illustrated in Fig. 6.2. It is seen that the

Figure 6.2.: Numerical solution of the coefficients a0 and b0 for fixed interaction
energies between −0.5 and 0.5. The gray dotted line marks the
value of a0 and b0 for û = 0.

coefficients a0 and b0 decrease with higher interaction energy. For states near
the equilibrium (ηc ≪ 1), where the constant coefficient is dominant, the ther-
modynamic variables x(c) and x(h) at the point of maximum power, therefore,
increase for negative interaction energies and decrease for positive interaction
energies in relation to û.
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Figure 6.3.: Numerical solution of the coefficient a1 and b1 for interaction ener-
gies between −0.5 and 0.5. The gray dotted line marks the value of
a1 and b1 for û = 0. In (a) a zoomed plot of a1 is illustrated and in
(b) a zoom of b1 is shown.

In Fig. 6.3, the numerical solutions for the coefficients a1 and b1 are shown
for interaction energies ranging from −0.5 to 0.5. A general observation is that
a1 is positive and b1 is negative. This leads to x(c) and x(h) moving away from
each other for increasing Carnot efficiencies. The dependency of a1 and b1 on
the interaction energy û controls the magnitude of this splitting. The coeffi-
cient a1 decreases for a positive interaction energies and therefore reduces the
splitting of x(c) and x(h). Negative interaction energy would lead to an increase
of the splitting. On the other hand, the coefficient b1 is minimal for û = 0
and increases for positive and negative interaction energies. In both cases, the
splitting of x(c) and x(h) is reduced.
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In Fig. 6.4, the numerical results of a2 and b2 for small interaction energies
|û| ≤ 0.5 are illustrated. Here, a2 and b2 show the same behavior for a varying
interaction energy. The coefficients are increasing with an increase of û. Inter-
estingly, the difference of a2 and b2 remains almost constant.

Figure 6.4.: Numerical solution of the coefficients a2 and b2 for fixed interaction
energies between −0.5 and 0.5. The gray dotted line marks the
value of a2 and b2 for û = 0

The expansion of x(c) and x(h) in Carnot efficiency is illustrated in Fig. 6.5 and
Fig. 6.6. It can be seen that the interaction energy û does not really change
the general behavior of x(c) and x(h). The monotone increase of x(c) and the
monotone decrease of x(h) is nearly independent of û. For an increasing Carnot
efficiency, the variables x(c) and x(h) move away from each other. That is equiv-
alent to a higher gradient of the chemical potentials and is also observed in the
quantum dot, see Ref. [8]. For a greater temperature difference (bigger Carnot
efficiency), the capacity to do work is raised and the gradient of the chemical
potentials can be higher. It can be seen that x(c) = x(h) holds for small Carnot
efficiencies ηc → 0. Therefore, when the difference in temperature is small, the
gradient of the chemical potentials is also low. This is why the minimal model at
maximum power is in the linear response regime. However, there is an impact
of the interaction energy û that shifts the values of x(c) and x(h) downwards
and the strength of the shift is declining with rising interaction energy. When
û increases, the values of x(c) and x(h) are lowered for a fixed Carnot efficiency
and the point of maximum power is moved towards lower x(c) and x(h). Thus,
the point of maximum power is also moved towards higher chemical potentials
µ(c) and µ(h). After plotting the difference x(c) − x(h) (not done here), it can
be seen that both terms approach each other for increasing interaction energy.
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Figure 6.5.: Expansion of x(c) up to quadratic order for interaction energies
−0.5, −0.25, 0, 0.25 and 0.5. The gray dotted line shows how a
change of the interaction energy can be compensated by varying ηc.

Figure 6.6.: Expansion of x(h) up to quadratic order for interaction energies
−0.5, −0.25, 0, 0.25 and 0.5. The gray dotted line shows how a
change of the interaction energy can be compensated by varying ηc.
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This means also that the chemical potentials are brought closer together. For
û → ∞, state 2 is blocked and the minimal model becomes a quantum dot
with two states, see Ref. [8]. So, x(c) and x(h) are bounded downwards by the
corresponding x(c) and x(h) of the quantum dot. When one wants to extract
the maximum power out of the minimal model, it is wise to bring the chemical
potentials µ(c) and µ(h) closer to the energy ε and to each other for an increasing
û. It is also seen in Fig. 6.5 and Fig. 6.6, that an increase of the interaction en-
ergy û can be compensated by an increase of the Carnot efficiency, see Fig. D.1
in Sec. D. In the end, positive interaction energy moves the point of maximum
power towards equilibrium and impedes the power extraction in the sense that
it blocks off higher chemical gradients from the maximum power regime. In
contrast, negative interaction energy moves the point of maximum power away
from equilibrium and requires a higher gradient of the chemical potentials to
extract maximum power.

Figure 6.7.: The scaled power P
T (h) is illustrated in dependence of the Carnot

efficiency ηc for the interaction energies −0.5, −0.25, 0, 0.25 and
0.5 at the point of maximum power. Only a small interval of ηc is
shown. A part of the plot is also zoomed in to show that the plots
for û = 0 and û = 0.25 as well as the plots for û = −0.25 and
û = 0.5 are very close together.

In Fig. 6.7, the optimized scaled power P
T (h) is shown for the interaction ener-

gies −0.5, −0.25, 0, 0.25 and 0.5 in dependence of the Carnot efficiency. It is
seen that the maximum power is the highest for an interaction energy of û = 0.
Negative interaction energy lowers the power output at the point of maximum
power the most. Positive interaction energy also decreases the maximum power
output. To summarize, non-zero interaction energy lowers the maximum power
output.
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In Fig. 6.8, the efficiency of the minimal model at maximum power is illus-
trated in comparison to the Carnot efficiency and the Curzon-Ahlborn efficiency
for the interaction energies −0.5, 0 and 0.5. It is seen that a positive interaction
energy û increases the efficiency. In that case, the efficiency is higher than the
Curzon.Ahlborn efficiency. On the other hand, a negative û lowers the efficiency.
While the maximum power is reduced for positive interaction energy, it provides
the benefit that the minimal model works with higher efficiency. A negative û
seems to have only downsides, e.g. a reduced efficiency and maximum power.

Figure 6.8.: Efficiency of the minimal model at maximum power for small Carnot
efficiencies from 0 to 0.6. The interaction energy is set to −0.5, 0
and 0.5. The Curzon-Ahlborn efficiency and the Carnot efficiency
are also shown.

Finally, the focus can be shifted to the expansion of the efficiency into terms
of Carnot efficiency. The linear coefficient is shown in Eq. (C.1). According
to Ref. [24], there is an upper bound of 1

2 in the regime of linear response. In
Fig. 6.9, the linear coefficient is illustrated as a function of û. The values of b0
were calculated numerically for different interaction energies. Then, the linear
coefficient can be plotted as a function of the interaction energy û. For positive
interaction energies, it is seen that the linear coefficient reaches values over 1

2 ,
which is the supposed upper bound. For negative û, the linear coefficient is less
than 1

2 .
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Figure 6.9.: The efficiency is expanded into terms of Carnot efficiency and only
the linear coefficient c1 in Eq. (6.46) is shown for small û ranging
from −0.5 to 0.5. The gray dotted line stands for the upper bound
of 1

2 . The expression for c1 can be found in Eq. (C.1).
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7. Conclusion

In this work, foundations for macroscopic thermodynamics and stochastic ther-
modynamics were presented. The Carnot efficiency and the Curzon-Ahlborn ef-
ficiency were derived to understand the requirements and the boundaries. Then,
the focus was shifted to the minimal model as a realistic system incorporating
particle interaction. The optimization of the minimal model with regard to
power revealed that the interaction energy has an impact on various aspects.
First, the point of maximum power is either moved closer to equilibrium or
moved away from equilibrium. Further, negative interaction energy leads to a
smaller maximum power and to less efficiency at maximum power. In contrast,
repulsion has a positive influence on the efficiency, as the minimal model with
repulsion is more efficient than the quantum dot (û = 0). The amount of maxi-
mum power is still reduced in comparison to the quantum dot, but not as much
as for a negative û. Others have reported a significant decrease of efficiency,
when strong coupling is broken, see Ref. [17]. All in all, the presence of inter-
action in a microscopic thermodynamic machine has not necessarily a negative
impact. For the cost of a small decrease of maximum power, the efficiency can
be raised for positive interaction energies. As the minimal model turns into a
regular quantum dot for û → ∞ and into a twofold quantum dot for û = 0 (both
show the same efficiency at maximum power), there has to be a specific positive
interaction energy, which corresponds to the highest efficiency at the point of
maximum power. In other words, the minimal model can be tuned with regard
to the interaction energy to extract maximum power with the highest efficiency.
It is interesting if this interaction energy has any deeper meaning. The numer-
ical calculation of the mentioned interaction energy can be done by extending
the numerical calculations to larger interaction energies. Surprisingly, the linear
coefficient of an expansion of the efficiency breaks the upper bound of 1

2 . The
upper bound was proven for thermodynamic systems at maximum power in the
linear response regime, see Ref. [24]. However, the minimal model is for small
Carnot efficiencies definitely in the regime of linear response. The fact that the
minimal model at maximum power breaks the upper boundary for the linear
coefficient could mean that there are inconsistencies between stochastic ther-
modynamics and linear irreversible thermodynamics regarding the efficiency at
maximum power.
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A. Full expressions of the particle and
energy flux

The energy and particle flux of the minimal model are introduced in Sec. 6.2.
The particle flux JN and the energy flux JE take the form

JN = 2B

[(exp
(

u
T (c) + x(c)

)
+ 1

)−1 − 1
exp

(
x(h))+ 1

− 1(
exp

(
x(c))+ 1

) (
exp

(
u

T (h) + x(h)
)

+ 1
) + 1

exp
(
x(c))+ 1

]
(A.1)

JE = 2Bϵ

[(exp
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u
T (c) + x(c)

)
+ 1

)−1 − 1
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(
x(h))+ 1

− 1(
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(
x(c))+ 1

) (
exp

(
u

T (h) + x(h)
)

+ 1
) + 1
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(
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]

+ u

[
1

exp
(
x(c))+ 1

+ 1
exp

(
x(h))+ 1

]
 1

exp
(

u
T (c) + x(c)

)
+ 1

− 1
exp

(
u

T (h) + x(h)
)

+ 1

 (A.2)

with B being

B =

 1
exp(x(c))+1 + 1

exp(x(h))+1 − 2

exp
(

u
T (c) + x(c)

)
+ 1

+
1

exp(x(c))+1 + 1
exp(x(h))+1 − 2

exp
(

u
T (h) + x(h)

)
+ 1

+ 4

−1

.
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B. Supplement to the point of
maximum power

B.1. The solutions a
(3)
0 and a

(4)
0

In Sec. 6.4, solving C0(a0, b0, û) = 0 leads to four solutions of a0. The third and
fourth solution are given by

a
(3)
0 = log

( 1
8eb0+û + 4e2b0+2û + eû + 2[

−9eb0+û − 4e2b0+û + 2eb0+2û − 2eb0 − 4 − 2eû
√

R1

− 16eb0+û
√

R2 − 4
√

R3 − 8e2b0+2û
√

R4

])
(B.1)

a
(4)
0 = log

( 1
8eb0+û + 4e2b0+2û + eû + 2[

−9eb0+û − 4e2b0+û + 2eb0+2û − 2eb0 − 4 − 2eû
√

R1

− 16eb0+û
√

R2 − 4
√

R3 + 8e2b0+2û
√

R4

])
(B.2)

with

R1 = 8eb0+û − 4eb0+2û + 14e2b0+2û + 8e3b0+2û + 2e4b0+2û

(8eb0+û + 4e2b0+2û + eû + 2)2

+ −9e2b0+3û − 4e3b0+3û − e4b0+3û + e2b0+4û − eû + 2
(8eb0+û + 4e2b0+2û + eû + 2)2

R2 = 8eb0+û − 4eb0+2û + 14e2b0+2û + 8e3b0+2û + 2e4b0+2û

(8eb0+û + 4e2b0+2û + eû + 2)2

+ −9e2b0+3û − 4e3b0+3û − e4b0+3û + e2b0+4û − eû + 2
(8eb0+û + 4e2b0+2û + eû + 2)2
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R3 = 8eb0+û − 4eb0+2û + 14e2b0+2û + 8e3b0+2û + 2e4b0+2û − 9e2b0+3û

(8eb0+û + 4e2b0+2û + eû + 2)2

+ −4e3b0+3û − e4b0+3û + e2b0+4û − eû + 2
(8eb0+û + 4e2b0+2û + eû + 2)2

R4 = 8eb0+û − 4eb0+2û + 14e2b0+2û + 8e3b0+2û + 2e4b0+2û − 9e2b0+3û

(8eb0+û + 4e2b0+2û + eû + 2)2

−4e3b0+3û − e4b0+3û + e2b0+4û − eû + 2
(8eb0+û + 4e2b0+2û + eû + 2)2

and the condition

û > log
(

e−2b0 3
√√

A + B

3 3√2
+ 1

3
(
4eb0 + e2b0 + 7

)

−
3√2e−2b0

(
−e4b0

(
4eb0 + e2b0 + 7

)2
− 12e3b0

)
3 3
√√

C + D

)
, (B.3)

where A, B, C and D are given by

A = 729e8b0 + 6696e9b0 + 23652e10b0 + 41256e11b0 + 39204e12b0 + 21600e13b0

+ 7020e14b0 + 1296e15b0 + 108e16b0

B = 27e4b0 + 252e5b0 + 830e6b0 + 1212e7b0 + 966e8b0

+ 464e9b0 + 138e10b0 + 24e11b0 + 2e12b0

C = 729e8b0 + 6696e9b0 + 23652e10b0 + 41256e11b0

+ 39204e12b0 + 21600e13b0 + 7020e14b0 + 1296e15b0 + 108e16b0

D = 27e4b0 + 252e5b0 + 830e6b0 + 1212e7b0 + 966e8b0

+ 464e9b0 + 138e10b0 + 24e11b0 + 2e12b0 .
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B.2. Efficiency of the twofold quantum dot at maximum
power

When there is no interaction energy present in the minimal model, it is a twofold
quantum dot. The expression of the power in Eq. (5.34) is still valid. This
leads to the optimization conditions in Eq. (6.28) and Eq. (6.29) with û = 0.
Dividing Eq. (6.28) by (1−ηc) and adding Eq. (6.29) leads to the same combined
optimization condition in Eq. (6.33). For û = 0, the equation can be solved for
x(c) as a function of x(h)

x(c)(x(h)). (B.4)
The expression is large and can not be illustrated here. An expansion of x(c)

into terms of Carnot efficiency can be acquired by inserting the expansion of
x(h) in Eq.(6.35) into the solution in Eq. (B.4). The resulting expression can be
expanded in terms of Carnot efficiency

x(c) = a0 + a1ηc + a2η2
c = b0 + a1(b0, b1)ηc + a2(b0, b1, b2)η2

c , (B.5)

where it can be immediately seen that a0 equals b0.

B.3. The solution for a1

In Sec. 6.4, it is mentioned how to obtain a solution for the coefficient a1. The
solution has the form

a1 =

(
eb0 + 1

)2
e−b0−û

(
eb0+û + 1

)2 (
eb0+û + e2b0+û + 1

)2

C
·(

b1eb0+ûA

2 (eb0 + 1)2 (eb0+û + 1)2 (eb0+û + e2b0+û + 1)2

+ eb0+ûB

2 (eb0 + 1) (eb0+û + 1)2 (eb0+û + e2b0+û + 1)2

)
, (B.6)

where the functions A, B and C are given by

A = e2(b0+û) − 4e2b0+û + 2e4b0+û + 4e4b0+2û

+ 4e5b0+2û − e4b0+3û + e6b0+3û − 4eb0 − 2e2b0 − 1

B = −(û − 6)e2b0+û + 2eb0+û + e4b0+3û

+ e5b0+3û − (û − 2)e3b0+û − (û − 1)e2(b0+û) + eb0(û + 2)
+ (3 − 2û)e4b0+2û + (5 − 3û)e3b0+2û + û + 1

C = e2(b0+û) − 4e2b0+û + 2e4b0+û + 4e4b0+2û

+ 4e5b0+2û − e4b0+3û + e6b0+3û − 4eb0 − 2e2b0 − 1.
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B.4. Linear order of the second optimization condition
In Sec. 6.4, the second optimization condition in Eq. (6.29) is expanded into
terms of Carnot efficiency. The linear coefficient K1 takes the form

K1 =
eb0+û

(
−b0A +

(
eb0 + 1

)
B
)

2 (eb0 + 1) (eb0+û + 1) (eb0+û + e2b0+û + 1) C
, (B.7)

where A, B and C are given by

A = e2(b0+û) − 5e2b0+û − 12e3b0+û + 4e5b0+û + 2e3b0+2û

+ 12e5b0+2û + 10e6b0+2û − 2e5b0+3û + 5e6b0+3û + 6e7b0+3û

− e6b0+4û + e8b0+4û − 6eb0 − 10e2b0 − 4e3b0 − 1

B = −4(û − 8)e3b0+û + 4eb0+û + 2e6b0+4û + 2e7b0+4û

− 2(û − 4)e4b0+û − (û − 2)e2(b0+û) + 2eb0(û + 4)
+ 2e2b0(û + 4) − 2(5û − 9)e3b0+2û + (4 − 3û)e4b0+3û

+ (10 − 3û)e6b0+3û + (22 − 4û)e2b0+û + (16 − 6û)e5b0+2û

+ (16 − 6û)e5b0+3û + (38 − 14û)e4b0+2û + û + 2

C = e2(b0+û) − 4e2b0+û + 2e4b0+û + 4e4b0+2û

+ 4e5b0+2û − e4b0+3û + e6b0+3û − 4eb0 − 2e2b0 − 1.
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C. The linear coefficient c1 of the
efficiency

In Sec. 6.5, the efficiency is expanded into terms of Carnot efficiency. The linear
coefficient c1 is only a function of b0 and û. It takes the form

c1 =
b0 −

(
eb0 + 1

)
A
B

b0 − C
D û

(C.1)

with A, B, C and D being

A = (û − 6)
(
−e2b0+û

)
+ 2eb0+û + e4b0+3û + e5b0+3û

− (û − 2)e3b0+û − (û − 1)e2(b0+û) + eb0(û + 2)
+ (3 − 2û)e4b0+2û + (5 − 3û)e3b0+2û + û + 1

B = e2(b0+û) − 4e2b0+û + 2e4b0+û + 4e4b0+2û + 4e5b0+2û

− e4b0+3û + e6b0+3û − 4eb0 − 2e2b0 − 1

C = −2eb0 û − e2b0 û − 3ûe2b0+û − ûe3b0+û + ûe4b0+û − ûe3b0+2û

+ ûe5b0+2û + eb0+û + 5e2b0+û + 6e3b0+û + 2e4b0+û

+ e3b0+2û + 2e4b0+2û + e5b0+2û + 3eb0 + 2e2b0 + 1

D =
(
eb0+û + e2b0+û + 1

)
(−eb0 û − 2ûe2b0+û − ûe3b0+û

+ 2e2b0+û + 4e3b0+û + e4b0+2û + 4eb0 + 4e2b0 + 1).
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D. Plots of the thermodynamic
variables

In Sec. 6.6, it was mentioned that an increasing interaction energy û can be
compensated by increasing the Carnot efficiency ηc to achieve maximum power.
This is illustrated in Fig. D.1, where the Carnot efficiency is shown in dependence
of values of x(c) and x(h) for interaction energies −0.5, −0.25, 0, 0.25 and 0.5.
For fixed values of x(c) and x(h), different combinations of the Carnot efficiency
ηc and the interaction energy û achieve maximum power. For example, the
combinations can be found in Fig. D.1 by looking at the intersections with the
gray dotted line.
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Figure D.1.: The Carnot efficiency is illustrated in dependence of x(c) (a) and
x(c) (b) and for interaction energies −0.5, −0.25, 0, 0.25 and 0.5.
The gray dotted line is an example of finding combinations of û and
ηc for a fixed value of x(c) and x(h). These combinations achieve
maximum power. The figures (a) and (b) are basically Fig. 6.5 and
6.6, but the axes are swapped.
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