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Abstract

Wind data is a stochastic process that cannot be modelled by a deterministic function
alone. However, due to ever more demanding need for renewable and clean energy, wind
power needs to be investigated further. When the wind speeds are known, cost of wind
turbines and the power output can be anticipated better. In this bachelor thesis, wind
data, recorded over 20 months from the FINO1-platform, is split up into ten minute in-
tervals. It is shown that the probability distribution of these intervals can be modelled
as a Gaussian distribution. The wind speed can the be decomposed into three parame-
ters; mean, standard deviation, and fluctuation. The mean describes the slow changing
average while the standard deviation and fluctuation the fast changing variation around
the mean. All three parameters evolve in time and are modelled by Langevin Equations
using the Langevin Package in R. The fluctuations are modelled as a short time model
with an uncoupled Ornstein-Uhlenbeck process. However, we find that the autocorrela-
tion function of the fluctuations does not match with an autocorrelation function of an
Ornstein-Uhlenbeck process. The logarithm of the mean and the logarithm of the standard
deviation are modelled as a long time model with a system of coupled Langevin equations.
We find that the usage of the Package results in mostly negative eigenvalues for the matrix
D(2). Thus, the matrix g for modelling the parameters cannot be created.
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1. Introduction

Seemingly every other day, a new technology or device is developed for making everyday life easier. It
becomes increasingly difficult to imagine a life without a phone, computer, or a fridge. This increasing
dependency on technology also brings a dependency on electricity. The use of fossil fuels for producing
the necessary amounts of energy led to a growing Greenhouse effect and Global warming. Temperature
records are consistently being broken, and the summer of 2018 proved to be no different as droughts and
fear of forest fires plagued Germany. The need for clean energy is thus vastly increasing and research
on all kinds of renewable energy is done in many different industries and universities. However, the
problem with renewable sources, such as wind, is that it is difficult to produce energy at a constant
rate. When wind speeds are low, little energy is produced. Too high wind speeds could cause damage
to the windmills. If a reliable model for wind speed could be made that predicts the occurrence of
weak and strong winds, it would make wind energy a more reliable and cost efficient source of clean,
renewable energy.

Since wind speeds generally do not follow a deterministic function alone, they need to be ad-
dressed as a stochastic process. A stochastic process is defined as a family of random variables indexed
by a set of parameters [1]. For example, a stochastic particle has the position X(t) and velocity V (t)
and collides, almost continuously, with other particles. Due to the randomness of the collisions,
(X(t, ω), V (t, ω)) is a random vector for each t, where ω is a sample point. The physical process is a
family of random vectors composing a time series. In order to model such stochastic processes, time
series analysis is needed.

There is generally more than one way to model a specific stochastic process. Usable models
depend on the kind and properties of the data. The method used in this paper is the Langevin
equation. It is the basis for many other modelling processes, such as a Wiener- and Ornstein-Uhlenbeck
process. It finds application in many different fields including physics, chemistry, social sciences, and
neuroscience [2]. A Langevin equation can be, for example, developed to further understand epileptic
seizures [3].

In this paper, a model for wind speeds is set up as a deterministic function, governed by three
stochastic variables. These three variables are all modelled with the Langevin equation. In chapter 2,
the mathematical principles of the Langevin equation are described and explained. Then in chapter 3,
the characteristics of the wind data are analysed. In chapter 4, the wind data is modelled according
to the mathematical principles described in chapter 2. Finally in chapter 5, we discuss the results and
improvements of the modelling process.
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2. Mathematical background

This chapter starts by introducing the historical background of the Langevin equation before deriving
it through a master equation. Several concepts in statistics have to be introduced. We will focus on a
special case of the Langevin Equation called the Ornstein-Uhlenbeck process. This process will later
be used to model the fluctuations of wind.

2.1. Historical background

Stochastic processes can be observed not only in wind data but in many other different fields as well,
including finance, seismology, and physics. The first scientific approach to a stochastic process was
in the field of botany, done by Robert Brown, who first studied and observed under a microscope
the rapid oscillatory motion of aqueous suspensions of pollen grains. At first, he thought that the
random motion was peculiar to the male sex cells of the plants. However, he then also checked the
movement of dead pollen, and found the same, seemingly random, movement [4]. Figure 2.1a shows
the trajectory of such a motion, now called Brownian particle, or Wiener Process. The position of a
Brownian particle at time t is given as:

Yt+dt = Yt + η (2.1)

with Y0 = 0. η is an independent and identical distributed variable, or iid, with an expected value
µ = 0 and variance σ2 = 1. A similar graph can be created when another variance is taken. It can be
proven that [5] the increments of (2.1) are given as:

lim
dt→0

Yt+dt − Yt = dY =
√

(t+ dt)− tη =
√
dtη . (2.2)

Figure 2.1.: (a) Brownian motion plotted alongside its probability distribution with a step size
dt = 1/500. (b) The expected value and variance of a Brownian particle plotted as
functions of time
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2. Mathematical background

In 1905, Albert Einstein explained the Brownian motion by essentially combining the elementary
stochastic process known as a random walk with the Maxwell-Boltzmann distribution [6]. Einstein
argued that the particle collides with a molecule of the fluid, which results in a velocity change of the
particle. The change in velocity is quickly dissipated, and the net result of the impact is a change
in displacement of the particle. Thus, Einstein assumed that the cumulative effect of collisions is
to produce random jumps in the position of the Brownian particle. The particle performs a sort of
random walk.

Einstein showed that the diffusion of an object undergoing Brownian motion will diffuse in
time linearly with the mean-square displacement. By using the fact that at equilibrium the Maxwell-
Boltzmann distribution of velocities must be valid, he was able to set up a partial differential equation.
The constants in the solution were in terms of the temperature and viscosity of the fluid.

In 1908, the French physicist Paul Langevin published a short paper, in which he reproduced
Einstein’s results. Unlike Einstein, Langevin simply set up the equation of motion according to
Newton’s second law [7]. The equation in one dimension reads:

m
d2x(t)
dt2

= −µdx(t)
dt

+ F (t) (2.3)

which is known as the Langevin equation. In equation (2.3), there are two forces acting on the particle:

• −µdx(t)
dt represents the frictional force experienced by the particle. In general this term is assumed

to be governed by Stokes’ law, and thus µ = 6πηr, where η is the viscosity of the surrounding
fluid, and r the radius of the assumed spherical particle [7].
• F (t) is the force experienced by the particle due to the impacts of the molecules of the liquid on
the particle [7]. This force is a white noise, which will be discussed later.

Equation (2.3) is then multiplied by x, which yields:

(md2x(t)
dt2

)x = −µdx(t)
dt

x+ F (t)x . (2.4)

With xd
2x(t)
dt2 = d

dt [x
dx
dt ]−

v2︷ ︸︸ ︷(
dx

dt

)2
and xdxdt = 1

2
dx2

dt , it follows that

m

(
d

dt

[
1
2
dx2

dt

]
− v2

)
= −µdx

dt
x+ F (t)x . (2.5)

Now the expected value of equation (2.5) is calculated. Since the expected value, 〈·〉, is a linear
operation [8], the equation can be expressed as:〈

m
(
d
dt

[
1
2
dx2

dt

]
− v2

)〉
=
〈
−µdxdt x+ F (t)x

〉
=⇒ m

2
d
dt

〈
dx2

dt

〉
−m

〈
v2〉+ µ

2

〈
dx2

dt

〉
= 〈F (t)x〉 .

(2.6)

The following properties of the white noise force F (t) are needed to further simplify the equation
[4].
i. F (t) is independent of x
ii. F (t) varies extremely rapidly in comparison to the variation of x(t), so that
〈F (t)F (t′)〉 = 2ζkTδ(t− t′)

iii. 〈F (t)〉 = 0 and thus 〈F (t)x〉 = 0
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2.2. Basic statistical concepts

With the help of these properties, equation (2.6) can be reduced to:

m

2
d

dt

Z︷ ︸︸ ︷〈
dx2

dt

〉
−m

〈
v2
〉

+ µ

2

Z︷ ︸︸ ︷〈
dx2

dt

〉
= 0 . (2.7)

From statistical mechanics it is known that, when the velocity process has reached its equilibrium
value, the Maxwell-Boltzmann distribution can be assumed to hold. The mean kinetic energy of the
Brownian particle then reaches an equilibrium value [4].

1
2m

〈
v2
〉

= 1
2kT . (2.8)

Equation (2.7) then reads
m

2
dZ

dt
+ µ

2Z = kT . (2.9)

The solution of equation (2.9) is:

Z = 2kt
µ

+ Ce−
µ
m
t (2.10)

where C is an integration constant. The term containing e−
µ
m
t of equation (2.10) is neglected

because for times (t → ∞), m
µ scales ∼ 10−8. This implies that the inertia of the Brownian particle

can be neglected. The equation then reads:

Z = 2kt
µ

. (2.11)

Equation (2.11) is integrated, yielding:

〈
x2
〉

= 2kT
µ
t . (2.12)

Equation (2.12) is the same result that Einstein derived in his paper. One could modify this
equation in order to approximate, for example Avogadro’s number by inserting µ as the friction
coefficient according to Stokes’ Law [4].

2.2. Basic statistical concepts

In order to derive a Langevin equation, as in equation (2.3) through statistics from given data, a
process has to fulfil certain requirements. Before getting to these, certain concepts from statistics
have to be explained, including the concept of statistical moments.

Statistical moments are extremely useful in statistics when characterizing continuous probability
distributions, as well as discrete data. The lowest moment is the mean, which is defined as:

E(x) = 1
n

n∑
i=1

xi (2.13)

for discrete data points (x1, x2, . . . , xn) and for continuous probability distributions f(x):

E(x) = 〈x〉 =
∫ ∞
−∞

xf(x) (2.14)
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2. Mathematical background

In equation (2.14), 〈x〉 is the expected value of x. According to the Law of large Numbers, when
lim
n→∞

[9], equation (2.13) equals the expected value of x as defined in equation (2.14)

All other moments are defined similarly to 〈x〉. The k moment of discrete data and a continuous
probability distribution are given as µ′k = 1

n

∑n
i=1 x

k
i and µ′k =

∫∞
−∞ x

kf(x) respectively. It is more
common to centre them around the negative mean. For discrete data, they are defined as:

µk = E[Xk] = 1
n

n∑
i=1

(xi − µ)k (2.15)

while for continuous probability distributions as:

µk = E[Xk] =
∫ ∞
−∞

(x− µ)kf(x) . (2.16)

In equations (2.15) and (2.16), µ is the mean as defined prior. If k = 1, then for both equations,
(2.15) and (2.16), µ1 = 0 since the mean is then centred around the negative mean. Statistical
moments are often used to describe certain parameters of a probability distribution.

Probability distributions in statistics are used to determine the probability of different outcomes
in events. Discrete and continuous probability distributions fulfil similar requirements namely:

∑
x

P (x) = 1 (2.17)

∫ ∞
−∞

f(x) = 1 (2.18)

Continuous probability distributions are often used to fit discrete probability distributions gen-
erate by real data. Some examples of continuous probability distributions are the Gauss, or Normal,
distribution, the Log-Normal distribution and the Weibull distribution. The Gauss distribution is
defined as:

f(x|µ, σ2) = 1√
2πσ2

e(−(x−µ)2

2σ2 ) . (2.19)

In equation (2.19), µ is the mean of the distribution and σ2 the variance of the probability
distribution. The Log-normal distribution is defined as:

f(x|µ, σ2) = 1
x
√

2πσ2
e(−(ln(x)−µ)2

2σ2 ) . (2.20)

The Log-Normal distribution is very similar to the Gauss distribution as it also uses a mean,
µ, and a standard deviation, σ, as parameters. If a probability distribution follows a Log-Normal
distribution, then the logarithm of the variable is Gaussian distributed [10]. The Weibull distribution
is defined as:

f(x|k, λ) =


k

λ

(
x

k

)k−1
e−(x/λ)k x ≥ 0

0 x < 0
(2.21)

where, k is the shape parameter and λ is the scale parameter of the distribution. Weibull distributions
are, for example, used to model wind speeds [11].
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2.2. Basic statistical concepts

An essential attribute of a Langevin process is that it is markovian [2]. Markov processes are one
of the most important family of processes in statistics. A Markov process can be explained through
conditional probability.

Conditional probability is the probability that an event occurs given that another event occurs.
It can be written as:

P (X|Y ) = P (X ∩ Y )
P (Y ) (2.22)

where P (X ∩ Y ) is the joined probability of event X and Y. The equation (2.22) gives the probability
that event X occurs, given that event Y occurs as well. Applied to a time series with data points
xt, xt−∆t, xt−2∆t, . . . , equation (2.22) becomes:

P (X|Y ) = P (xt|xt−∆t, xt−2∆t, . . . ) (2.23)

with step size ∆t. Equation (2.23) implies that the current position depends on the entire set
of previous positions of the time series. A Markov process has the property that the next event in a
time series only depends on the current state. The Markov property lets us write equation (2.23) as:

P (X|Y ) = P (xt|xt−∆t) . (2.24)

A time series that follows this approximation is called a Markov chain [12], named after Russian
mathematician Andrey Markov. A ∆t can be usually found such that equation (2.24) is fulfilled. This
∆t is called the Markov Length [12].

Brownian motion is an example of a Markov process. The current motion of the suspended
particles only depends on the previous state, shown through equation (2.1). Another example of a
Markov process is the random walk.

A random walk is a succession of random steps that follows no distinct trend. For example, a
walker moves in a one dimensional line. He starts from the origin, t0 = 0, and can only make a step
to the left or the right with equal probability, Pi+1 = Pi−1, for every time step ∆t. i is the current
location of the walker.

In order to predict where the walker will be at ti+1, it is only necessary to know where the
walker is at ti. All the information is contained in the current position of the walker, and thus it is a
Markov process. The Wiener process is a continuous random walk (see figure 2.1a). Every stochastic
process that can be modelled by a Langevin equation is markovian [2].

Another concept that needs to be addressed is the stationarity of a stochastic process. Stationar-
ity can be understood in various different senses, but it always implies some kind of time invariance. In
the broadest sense, stationary means that a function or given data is time independent. Two intervals
with equal length from the same stationary process should have identical properties independent on
what intervals are chosen. Since central moments are used to define the properties of a distribution,
they should not differ for each interval.

Total stationarity or strict stationarity means that all central moments of order k, however large
k is, are time independent [8].

µk(t) = µk (2.25)

A Wiener Process is a non-stationary process, seen through figure 2.1b. Although the mean
roughly stays constant, the standard deviation increases with time. This means that not every model
created with a Langevin equation is stationary.
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2. Mathematical background

Strict stationarity can also be defined through the distribution function W (X(t)), which should
be independent of time, i.e.

W (X(t)) = W (X(t+ τ))

for τ ∈ R. Weak stationarity or wide-sense stationarity, in contrast to strict stationarity, is defined as
a process where only central moments up to a specific k are time independent [8]. When addressing
weak stationarity, it is implied that only the mean and the variance of a process are time independent,
meaning moments k = 1 and k = 2 are time independent. Another way of understanding this is
through the correlation of two time intervals. The correlation between two functions is defined as:

Corr(X,Y) ≡ E[(X − E[X])(Y − E[Y ])]
σXσY

. (2.26)

The correlation function should stay the same for different time intervals since the mean and variance
stay the same in a weak stationary process. Equation (2.26) then becomes

Corr(X(t), X(t− τ)) = Corr(X(t+ h), X(t+ h− τ)) (2.27)

for any chosen h and τ . Given a stationary process, the correlation should not depend on the chosen
time intervals.

We can thus prove weak stationarity with the following points [8]:

1. E[X(t)]=E[X(t+τ)]=m, where m is independent of t
2. E[X(t)2]=s, where s is independent of t

or with the correlation function:

1. E[X(t)]=E[X(t+τ)]=m, where m is independent of t
2. E[X(t)2]<∞
3. Equation (2.27) needs to be met.

2.3. Derivation of the Langevin equation from the Kramers-Moyal
equation

The Kramers-Moyal equation is the building block of many stochastic processes. It is an expression for
the derivative ∂W (x,t)

∂t . Assuming a process is markovian, meaning the conditional probability fulfils
equation (2.24), the probability density W (x, t+ τ) at time t+ τ and the probability density W (x, t)
at time t, are connected through the conditional probability density p(x, t+ τ |x′, t), yielding:

W (x, t+ τ) =
∞∫
−∞

p(x, t+ τ |x′, t)W (x′, t)dx′ . (2.28)

This equation is known as a master equation [2]. The conditional moments in a Markovian process
are defined as:

Mn(x′, t, τ) =
∞∫
−∞

(x− x′)np(x, t+ τ |x′, t)dx . (2.29)
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2.3. Derivation of the Langevin equation from the Kramers-Moyal equation

When a probability distributionW (x) fulfils equation (2.18), the Fourier transformation for this
function is given as:

W (x) = 1
2π

∫
C(u)e−iuxdu

C(u) =
∫
W (x)eiuxdx

(2.30)

where C(u) is called the characteristic function of W (x). When taking the inverse Fourier
transformation of C(u), we obtain once again the original probability distribution W (x).

In order to arrive at the Kramers-Moyal equation, we construct the characteristic function
C(u, x′, t, τ) according to equation (2.30):

C(u, x′, t, τ) =
∞∫
−∞

eiu(x−x′)p(x, t+ τ |x′, t)dx = 1 +
∞∑
n=1

(iu)n 1
n!Mn(x′, t, τ) . (2.31)

The characteristic function is the inverse Fourier transformation of the probability density function.
The transition probability can then be expressed with the moments Mn, yielding:

p(x, t+ τ |x′, t) = 1
2π

∫
C(u, x′, t, τ)e−iuxdu

= 1
2π

∫
e−iux

[
1 +

∞∑
n=1

(iu)n

n! Mn(x′, t, τ)
]
du

=
[
1 +

∞∑
n=1

1
n!

(
− ∂

∂x

)n
Mn(x, t, τ)

]
δ(x− x′) . (2.32)

Substituting equation (2.32) into equation (2.28) yields:

W (x, t+ τ)−W (x, t) =
∞∑
n=1

1
n!

(
− ∂

∂x

)n
[Mn(x, t, τ)]W (x, t) . (2.33)

The Kramers Moyal equation is then derived by dividing both sides of equation (2.33) by τ and setting
the limit of τ to lim

τ→0
.

lim
τ→0

W (x, t+ τ)−W (x, t)
τ

=
∞∑
n=1

1
n!

(
− ∂

∂x

)n [
lim
τ→0

Mn(x, t, τ)
τ

]
W (x, t) (2.34)

Dn(x, t) =
[ 1
n! lim

τ→0

Mn(x, t, τ)
τ

]
(2.35)

Dn(x, t) is defined as the n-th Kramers-Moyal coefficient.
The Fokker Planck equation is derived from equation (2.34) by showing that D4 = 0. This

implies that [2]:
Dm = 0 ∀m ≥ 3 . (2.36)

To demonstrate this theorem, called the Pawula Theorem, the generalized Cauchy Schwartz
inequality is used:

(∫
f(x) · g(x) · p(x)dx

)2
≤
(∫

(f(x)2)p(x)dx
)(∫

(g(x)2)p(x)dx
)
. (2.37)
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2. Mathematical background

In equation (2.37), p(x) is a non-negative function while f(x) and g(x) are test functions. This
inequality can be derived from:∫ ∫

[f(x) · g(y)− f(y) · g(x)]2 p(x)p(y)dxdy ≥ 0 (2.38)

which holds for non-negative p(x) and p(y). Certain equations have to be chosen for f(x), g(x)
and p(x).

f(x) = (x− x′)n g(x) = (x− x′)n+m p(x) = p(x, t+ τ |x′, t)

Substituting these equations into the inequality (2.37), and using equation (2.29), we get:

M2
2n+m ≤M2n ·M2n+2m . (2.39)

The inequality (2.39) is true for m = 0, since M2
2n ≤M2n ·M2n, for all n. If n = 0 the inequality

is fulfilled for m = 0. For m ≥ 1 no restriction follows from this relation.
Expanding the inequality (2.39) to the Kramers-Moyal coefficients, that were introduced in

equation (2.34), yields:

((2n+m)!D2n+m)2 ≤ (2n)!(2n+ 2m)!D2nD2n+2m . (2.40)

Now only m ≥ 1 and n ≥ 1 are being considered to get to the Pawula Theorem. If D2n = 0
then D2n+m = 0.

D2n = 0⇒ D2n+1 = D2n+2 = D2n+3 = ... = D2n+m = 0 (n ≥ 1) . (2.41)

Similarly, if D2n+2m = 0 then D2n+m = 0. This leads to

D2r = 0⇒ Dr+n = 0 (n = 1, ..., r − 1) , r = n+m

D2r−1 = ... = Dr+1 = 0 for (r ≥ 2) .
(2.42)

From equation (2.41) and the repeated use of equation (2.42), it can be said if any D2r = 0 for
r ≥ 1 then all coefficients Dn with n ≥ 3 must vanish, hence we have shown the Pawula Theorem. If
D4 = 0 then D3 = D4 = D5 = ... = 0. In practice, if D4 � D2

2 we assume that D4 ≈ 0 [13].
When Dn = 0 with n ≥ 3, all momentsMn with n ≥ 3 are independent of the time. It only needs

to be shown that M1 and M2 are time independent in order to proof that the process is stationary.
Inserting D4 = 0 into the Kramers-Moyal equation (2.34) results in the Fokker-Planck Equation:

∂W

∂t
=
(
−∂D1(x, t)

∂t
+ ∂2D2(x, t)

∂t2

)
W = LFPW (2.43)

where D1(x, t) and D2(x, t) are called the drift and diffusion coefficient respectively.
Now, we want to show that a Langevin equation can be put into the same form as equation

(2.43). For that, a general 1-D Langevin equation

ẋ = h(x, t) + g(x, t)Γ(t) (2.44)

with 〈Γ(t)〉 = 0 and 〈Γ(t),Γ(t‘)〉 = 2δ(t − t′), is introduced [2]. We want to solve for the coefficients
h(x, t) and g(x, t). The change of the probability density, dWdt , of equation (2.44) is calculated.
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2.3. Derivation of the Langevin equation from the Kramers-Moyal equation

A general nonlinear Langevin equation can be transformed into a linear partial differential equation
by introducing

p(t) = δ(x(t)− x) . (2.45)

The linear partial equation (2.45) is then derived after time, which results in

˙p(t) =
[
− ∂

∂x
h(x, t)− ∂

∂x
g(x, t)Γ(t)

]
p(t) . (2.46)

The distribution function of (2.45) follows by averaging over the different possibilities of Γ(t),

W (x, t) = 〈p(t)〉 = 〈δ(x(t)− x)〉 . (2.47)

The expected value of (2.46) is calculated as:〈
˙p(t)
〉

=
∫

˙p(t)W (x, t)dx (2.48)

This integral was formally solved as[14]:

〈
˙p(t)
〉

=
[
− ∂

∂x
h(x, t) + ∂2

∂x2 [g(x, t)]2
]
〈p(t)〉 . (2.49)

Substituting (2.47) into (2.49) results in:

∂W

∂t
= LFPW, LFP = − ∂

∂x
h(x, t) + ∂2

∂x2 [g(x, t)]2 . (2.50)

Equation (2.50) is identical to the Fokker Planck equation (2.43), with

− ∂

∂x
h(x, t) = − ∂

∂x
D1(x, t)⇒ D1(x, t) = h(x, t)

∂2

∂x2 g(x, t) = ∂2

∂x2

√
D2(x, t)⇒ D2(x, t) = g2(x, t)

(2.51)

The time derivative of the change in the probability density of a Langevin Equation is a Fokker-Planck
Equation when the following hold true:

1. The process has to be Markovian.
2. D4 = 0 vanishes for the process.

The Fokker Planck equation can be further simplified if we assume that the process, and its
probability density of course, is stationary. This allows us to to write equation (2.43) in the following
way:

∂W

∂t
= 0 = −∂S

∂x
=⇒

S =
(
D1 −

∂

∂x
D2

)
W

(2.52)

In equation (2.52), S is interpreted as a probability current, because the equation is a continuity
equation for a probability distribution . In a stationary process, this probability current needs to
stay constant [2]. In order to guarantee the normalization of the probability density W (x, t), the
probability current should vanish as x→ ±∞. Equation (2.52) then yields:

0 =
(
D1 −

∂

∂x
D2

)
W (2.53)
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2. Mathematical background

2.4. Ornstein-Uhlenbeck processes

The Ornstein-Uhlenbeck process will be later used to model the fluctuations of the wind speed. It is
a stationary, Gaussian-Markov process [2]. The derivation stems from the Langevin equation that is
written for a Brownian particle (2.3), using (2.51), as:

∂x

∂t
+ γx =

√
D2Γ(t) (2.54)

with Γ(t) being of Gaussian nature. The requirements that equation (2.54) can be treated as an
Ornstein-Uhlenbeck process are that the homogeneous equation is linear, and that coefficients γ and
D2 are independent of x. The homogeneous solution xh for (2.54) is, with initial position x(0) = x0:

xh = x0e
−γt . (2.55)

To find the solution of the inhomogeneous differential equation, we use the method of variation
of parameters. Substituting

xi = e−γtc(t)

into equation (2.54) yields

dc

dt
=
√
D2Γ(t)eγt . (2.56)

Thus

x(t) = xh + xi = x0e
−γt + e−γt

t∫
0

√
D2Γ(t′)eD1t′dt′ . (2.57)

To prove that the process is Gaussian distributed, we use the autocorrelation function of the
process. The autocorrelation function of the Ornstein-Uhlenbeck process is given by:

Rt,τ = 〈x(t+ τ)x(t)〉 (2.58)

where x(t) and x(t+ τ) are given through equation (2.57). When inserted into equation (2.58),
the terms containing the Gaussian noises drop out through averaging, yielding:

Rt,τ = e−γτ 〈x(t)x(t)〉 . (2.59)

In other words, assuming the process is stationary,
〈
x(t)2〉 is constant and thus the autocorre-

lation of the function becomes:
Rt,τ ' exp(−γτ) . (2.60)

Using equation (2.44), the Ornstein-Uhlenbeck process (2.54), can be written as:

∂x

∂t
= D1(x, t) +

√
D2(x, t)Γ(t) (2.61)

with D1(x, t) = −γx and D2(x, t) = D2. Assuming stationarity, the equation for the probability
distribution of a Langevin Equation is given in (2.53). Solving then for an Ornstein-Uhlenbeck process
yields:

W = N

D2
exp

(∫
D1
D2

dx

)
(2.62)
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2.5. Coupled Langevin equations

where N is an integration constant. Substituting D1 and D2 from equation (2.61) and using that γ
and D2 are independent of x, we get:

W = N

D2
e
−γx2+c

2D2 = C

D2
e
−γx2
2D2 (2.63)

When comparing this equation with a Gauss distribution, (2.19), we find that it is Gaussian distributed
with µ = 0 and σ =

√
D2
γ .

2.5. Coupled Langevin equations

The Fokker-Planck equation for an N-Dimensional Langevin Process X = (X1(t), ..., XN (t)) is given
as [15]:

∂W (X)
∂t

= −
N∑
i=1

∂

∂xi

[
D

(1)
i (X)W (X, t)

]
+

N∑
i=1

N∑
j=1

∂2

∂xi∂xj

[
D

(2)
ij (X)W (X, t)

]
(2.64)

where D(1)
i and D(2)

ij are the drift and diffusion coefficient respectively. In N = 2 dimensions,
they are defined analogous to the drift and diffusion coefficient in one dimension, as [16]:

D
(1)
x[y](x

∗, y∗) = lim
τ→0

[〈X(t+ τ)−X(t)〉
τ

]
X(t)=x∗,Y (t)=y∗

(2.65)

D
(2)
x[y],x[y](x

∗, y∗) = 1
2 lim
τ→0

[〈X(t+ τ)−X(t)〉 × 〈Y (t+ τ)− Y (t)〉
τ

]
X(t)=x∗,Y (t)=y∗

. (2.66)

D(2) is a symmetric matrix and can be given as:

D(2) =
[
D

(2)
xx D

(2)
xy

D
(2)
yx D

(2)
yy

]
(2.67)

The coupled differential Langevin equations can be written as functions for D(1) and D(2):
[
dx(t)
dy(t)

]
=
[
D

(1)
x (x, y)

D
(1)
y (x, y)

]
dt+

[
gxx(x, y) gxy(x, y)
gyx(x, y) gyy(x, y)

] [
dW

(1)
t

dW
(2)
t

]
(2.68)

dW
(1)
t and dW (2)

t are independent Wiener processes as defined in equations (2.1) and (2.2). Matrix g
is defined by matrix D(2) through [15]:

D
(2)
ij =

2∑
k=1

gikgjk (2.69)

In order to solve for g, the properties of the matrix D(2) are used. Since D(2) is a symmetrical,
positive-definite matrix, it has only real, non-negative eigenvalues λ1, λ2 [15]. Therefore, an orthogonal
transformation U can be found that diagonalizes D(2) such that UTD(2)U = diag(λ1, λ2). When
taking the positive root of the eigenvalues, and transforming them back, we get for each element of g:

gij = (Udiag(
√
λ1,

√
λ2)UT )ij (2.70)
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3. FINO data processing

The wind data used in this thesis comes from the research platform FINO1, which is located about
45km north of Borkum in the North Sea [17]. The data used was recorded at a height of 100m with a
Pod-anemometer and was collected from September 2015 until April 2017 with a sampling frequency
of 1Hz. In order to use the Langevin equation for modelling purposes, the data needs to be sampled
and split up into equally long intervals. These intervals need to fulfil certain requirements, which will
be discussed in this chapter.

3.1. Sampling the data

The collected raw data spans over 20 months with a sample rate of 1Hz, which results in more than
50 million measurements. The complete time series is plotted in figure 3.1a.

The probability distribution of the data can be well approximated with a Weibull distribution
[11]. A Weibull fit is constructed by taking the histogram as the discrete probability distribution. The
histograms are created with the hist() function in R [18], and the center of each bin and its density
are recorded as data points. These data points are used for the non-linear least squares fit method,
which is done with the nls() function in R. The function returns the shape and scale parameter of the
Weibull fit. The mean wind speed, µ, and the standard deviation, σ, are used to get satisfying starting
values for the nls() function. The starting values were found to be k0 =

(
σ
µ

)−1.086
and λ0 = µ

Γ(1+ 1
k0

)

[19].
A Weibull distribution is especially a good model for wind data when the interval is sufficiently

large. However, when a smaller interval is chosen, namely ten minutes, as plotted in figure 3.1b, a
Gaussian distribution also appears to be an acceptable model. The hypothesis to be tested in this
chapter is if a Gaussian probability distribution is a good model for a ten minute interval. Ten minute
intervals are chosen because the pod-anemometers also recorded the mean wind speed of a ten minute
interval. Larger intervals, such as 15 minutes, also could have been chosen. The parameters for a
Gaussian fit are the estimated mean µ = 1

n

∑n
i=1 ui and the estimated variance σ2 =

∑n

i=1(ui−µ)2

n−1 .:
A Gauss and Weibull model are done to approximate the probability distribution of all ten

minute intervals. The distribution of three different ten minute intervals with a Gaussian and Weibull
model are shown in figure 3.2. From these three figures, it seems reasonable to approximate the
probability distribution of a ten minute interval with a Gaussian model.

There are, however, cases where a Gaussian and Weibull model fail to recreate the probability
distribution of the histogram. An example of such an interval is shown in figure 3.1c. This happens
when a sudden gust is being registered by the turbines. These ten minute intervals are being excluded
in the quality analysis of the Weibull and Gaussian model.

There are a multiple ways to compare an approximated probability distribution with a given
probability distribution. One way is through the Kullback-Leibler divergence, which is a measurement
system to check how a probability distribution Q(x), diverges from a second, expected, distribution
P (x) [20].
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3. FINO data processing

Figure 3.1.: (a) Complete FINO1 time series plotted. (b) shows an interval in which the wind speed is
stationary, and (c) where the wind speed is not stationary. The goal is to extract all non-stationary
intervals from the data.

Figure 3.2.: Three different ten minute interval histograms and their approximated Weibull and Gauß distri-
bution. (a) and (c) have a resolution of ∆u = 0.2ms while (b) has a resolution of ∆u = 0.1ms ,
where u is the wind speed.

For continuous distributions the Kullback-Leibler divergence is defined as:

DKL(P‖Q) =
∫ ∞
−∞

P (x) log
(
P (x)
Q(x)

)
dx (3.1)

and for discrete distributions, Q(i) and P (i), as:

DKL(P‖Q) =
∑
i

P (i) log
(
P (i)
Q(i)

)
(3.2)

The Kullback-Leibler divergence is always non-negative due to Gibbs’ inequality [21].
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3.1. Sampling the data

The divergence is only zero if the approximated probability distribution Q(x)[Q(i)] exactly
matches the expected distribution P (x)[P (i)]. Thus, the value of the Kullback-Leibler divergence says
how much information is lost when approximating P (x)[P (i)] using Q(x)[Q(i)]. It is a good tool to
compare distributions because it weights divergences at higher probabilities heavier.

Since the actual distribution is not continuous like the Weibull or Gauss distribution, the sum
of all points needs to be used instead of an integral. P (i) and Q(i) are taken to be the density of
the histogram at the centre of each bin i. Q(i) is the fitted Weibull or Gauss distribution at the
same points where P (i) is defined. Figures 3.3b and 3.3c show the Kullback-Leibler divergences for
the Weibull and Gauss Model respectively. We chose that every ten minute interval with a Kullback-
Leibler divergence higher than 10σ for either the Gauss or Weibull model needs to be extracted from
the modelling process.

Figure 3.3a shows the scatter plot of both divergences. The trend line y = x is added to the
graph. It can be seen that the majority of Kullback-Leibler divergences fall below the trend line,
meaning that the divergence is higher for the Weibull distribution. We approximate that the intervals
are well fitted with a Gaussian distribution.

Figure 3.3.: (a) shows the scatter plot of the Kullback-Leibler divergence for the Weibull model against the
Kullback-Leibler divergence for the Gaussian model. (b) shows the Kullback-Leibler divergence
for the Weibull model. (c) the Kullback-Leibler divergence for the Gauss model. Every ten minute
interval that has a Kullback-Leibler divergence, for either the Weibull or Gauss model, higher than
10σ is being extracted from the data series.

Besides non-stationary intervals, additional intervals need to be excluded from the data series.
It is possible that the anemometer records wrong or no data. This is caused by, for example, a frozen
anemometer during winter. Since only ten minute intervals will be modelled with the help of Langevin
equations, it is important that most of the data entries in that interval are correct and usable. Thus
the intervals that contain at least 150 errors, or no entries, are being excluded from the modelling
process as well.
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3. FINO data processing

With the exclusion of the faulty data and non stationary intervals, the number of intervals
decreases from roughly 85000 to 76000.
The usable data is plotted in figure 3.4a along with its histogram and fitted Weibull distribution,
figure 3.4b, autocorrelation function, figure 3.4c, and power spectrum, figure 3.4d.

3.2. Comparing distributions

With the Kullback-Leibler divergences, we assume that a ten minute interval can be well approximated
with a Gaussian model. We now want to further confirm this assumption. In this section, we compare
the parameters from the created distributions. Figure 3.5 shows the time progression and distribution
of every parameter from the Gauss and Weibull distribution. The initial wind speed for every ten
minute interval and β = σ

µ are plotted as well. By analysing and comparing parameters from the
distributions, we proof that an interval can be approximated with a Gaussian probability distribution.

The autocorrelation function from equation (2.58), gives the correlation between a process and a
delayed copy of itself as a function of the time lag. The autocorrelation of each parameter can be seen
on a semi-log graph in figure 3.6. The slope is found via linear regression. Every parameter is fitted well
with a linear fit, meaning they all decay exponentially. Especially noteworthy is the similarity between
the mean and the scale parameter. The found slopes are almost identical,

[
−0.007976614
−0.008011252 = .99568

]
.

Their autocorrelation functions decay almost at the same rate. This could imply that the two variables
are heavily correlated. In order to prove the correlation between the parameters, a correlation matrix
is set up. The correlation function has already been defined in equation (2.26).

The correlation between two variables show the tendencies of the variables. It is very similar to
the autocorrelation function. When the correlation is close to 1, the two parameters have a positive
correlation, meaning as one gets larger the other gets larger as well. A correlation close to −1 means
that as one gets larger the other gets smaller. A correlation close to 0 means no correlation.

A correlation matrix is then set up as the correlation between every parameter. It is a symmet-
rical matrix with 1s on the diagonal. The trends from the correlation matrix can also be seen through
the scatter plots of the parameters, figures 3.7a-f.

∑
X

=


corr(µ, µ) corr(µ, σ) corr(µ, k) corr(µ, λ)
corr(σ, µ) corr(σ, σ) corr(σ, k) corr(σ, λ)
corr(k, µ) corr(k, σ) corr(k, k) corr(k, λ)
corr(λ, µ) corr(λ, σ) corr(λ, k) corr(λ, λ)

 = (3.3)

µ σ k λ

µ 1 0.62 0.34 0.99
σ 0.62 1 -0.36 0.64
k 0.34 -0.36 1 0.32
λ 0.99 0.64 0.32 1

Table 3.1.: Correlation matrix of the parameters from the Weibull and Gauss models. The corresponding
scatter plots are shown in figure 3.7

h
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3.2. Comparing distributions

Figure 3.4.: (a) shows the modified data without the intervals that have been extracted. (b) the histogram
alongside a Weibull model. The Parameters of the Weibull model are also listed. (c) the autocor-
relation function of the data. (d) is the double logarithmic power spectrum of the modified data.
The power spectrum comes relates to that of a Brownian(Red) noise.

The matrix 3.1 shows the correlation matrix. There is a always at least some correlation between
every parameter. The strong correlation suspected from the autocorrelation function between the mean
and scale parameter can be easily seen here. With 0.99, they are strongly correlated. When the mean
of the interval increases, so does its scale parameter. This means that, when a ten minute interval has
a greater average wind speed, the probability distribution becomes more wide due to the increase of
the turbulence. This demonstrates the similarities of the Weibull and Gaussian model. The correlation
between the standard deviation and the scale parameter justifies this as well, with a value of 0.64.
When the mean value is smaller, the shape parameter becomes smaller as well, and the probability
distribution is narrower.

The shape parameter, on the other hand, correlates the least with the other parameters. This
is because the shape parameter determines the skewness of the probability distribution. A ten minute
interval could have a positive or negative skew which affects only the shape parameter and not the
mean or the standard deviation of the interval.

The last important correlation is between the mean and the standard deviation. They have a
correlation of 0.62 which implies that they are positive correlated. When there is a stronger wind, i.e.
a higher mean, then the wind fluctuates greater, and the standard deviation becomes greater as well.
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3. FINO data processing

In the next chapter, both the mean and the standard deviation will be modelled. The correlation of
the two parameters implies that they are dependent from one another, and that a two dimensional
analysis has to be done to create a model for the two parameters.

Figure 3.5.: Time series and probability distribution of: (a) mean wind speed (b) standard deviation (c) initial
wind speed (d) scale parameter (e) shape parameter (f) β = σ

µ . A Weibull fit is added to the
mean and initial wind speed. They should have the same parameters as the Weibull model created
for the entire time line. The parameters found in (a) and (c) match well with the parameters
found in figure 3.4b.
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3.2. Comparing distributions

Figure 3.6.: Logarithmic autocorrelation function of the different parameters: (a) the mean wind speed, R2 =
0.9968884, (b) the standard deviation, R2 = 0.9707501, (c) the initial velocity, R2 = 0.9698768,
(d) the shape parameter, R2 = 0.9064758, (e) the scale parameter, R2 = 0.9969771.

Figure 3.7.: Scatter plots between the different parameters created from the Weibull and Gaussian Models.
(a) between mean and standard deviation. (b) between mean and scale parameter. (c) between
mean and shape parameter. (d) between standard deviation and shape parameter. (e) between
standard deviation and scale parameter. (f) between shape parameter and scale parameter.

27





4. Modelling wind speed data sets

In the previous chapter, it was shown that the probability distribution of a ten minute interval can
be approximated with a Gaussian model, which is parametrized through µ and σ. These parameters
will be used to recreate the wind speeds. We decompose the wind speeds as [22]:

u(t) = µn + σn · u′(t)
= µn

(
1 + βn · u′(t)

) (4.1)

with βn = σn
µn

being the turbulence intensity; for a higher standard deviation in comparison to the
mean, the wind fluctuates greater. The mean, µ, of a ten minute interval describes the slow changing
average, while the combination of the standard deviation, σ, and u′(t) describe the fluctuations around
µ. The mean and standard deviation stay constant for a ten minute interval n while the variation
u′(t) changes for every time t. In this chapter, we first model the variations u′(t) and afterwards the
parameters µ and σ.

4.1. Modelling of u′(t)

u′(t) is calculated by using equation (4.1), and solving for u′(t), which yields:

u′(t) = u(t)− µn
σn

. (4.2)

After the central limit theorem, u′(t) should be Gaussian distributed with µ=0 and σ = 1 [23]. Figures
4.1a and 4.1b show the plot and probability distribution of u′(t). In figure 4.1b, a Gaussian probability
distribution was added to the graph, which comes close to the expected Gaussian distribution with
µ = 0 and σ = 1. We thus want to model u′(t) as an Ornstein-Uhlenbeck process [22]. We showed
in equation (2.60) that the autocorrelation function of an Ornstein-Uhlenbeck process should decay
exponentially. The autocorrelation function of u′(t) is plotted on a semi-logarithmic graph and shown
in figure 4.1c. The diffusion coefficientD2(u′) can be calculated with equation (2.63) when the standard
deviation of the normal probability distribution is taken as σ = 1, which yields D2(u′) = γ.

There were two different slopes, γ(1),(2), found in figure 4.1c. This suggests that an Ornstein-
Uhlenbeck process is a too trivial approach for the fluctuations u′(t). We want to confirm this by
recreating u′(t). Both of the found slopes will be used to model u′(t) after equation (4.3). We set up
the model according to an Ornstein-Uhlenbeck process, equation (2.61), as:

du′(t)
dt

= −γu′(t) +√γ · Γ(t) (4.3)

where Γ(t) is a Gaussian noise. Integrating equation (4.3) numerically using the Euler scheme
yields [22]:

u′(t+ ∆t) = u′(t)− γ∆t · u′(t) +
√

∆t · γ · η(t) (4.4)
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4. Modelling wind speed data sets

In equation (4.4), η(t) is a Gaussian distributed, random variable with 〈η(t)〉 = 0 and
〈
η(t)2〉 = 2.

Figure 4.1.: (a) plot of u’. It was plotted by solving equation (4.1) for u’. (b) probability distribution of
u’. A Gaussian fit was added with µ = 4.010459e − 18 and σ = 0.9991662. (c) lag vs ln(ACF)
graph. The autocorrelation functions for every interval were calculated first. Then the mean at
every defined lag was taken and plotted in this figure. The process does not decay exponentially,
which is why two different trend lines were fitted to the graph. The first one goes from [5:15] and
the second from [20:70]. They have a R squared value of R2

1 = 0.9793914 and R2
2 = 0.9994498

respectively. (d) Power spectrum of u’. At lower frequencies it is similar to that of the Brownian
noise in figure 3.4d.

There is also an alternative way of finding both coefficients, D1(u′) and D2(u′), for a Langevin
equation. For this method, u′ is binned and in each bin the drift and diffusion coefficient are cal-
culated. Per definition of the Kramers-Moyal coefficients, equation (2.34), the coefficients D1,2(u′)
can be calculated by taking the derivative of the first conditional moment, the mean, and the second
conditional moment, the variance, respectively. In practice, for a fixed u′, the conditional moments
depend linearly on τ for the smallest range of τ . D1,2(u′) are then estimated as the quotient between
the corresponding conditional moment and τ . Both coefficients, D1,2(u′), are estimated for each bin
and then plotted. The resulting plot shows the u′ dependency of the coefficients.

The function used to plot these coefficients in R is the Langevin1D() function, which is included
in the Langevin Package [13]. The parameters used in this function are the bins and the range of τ .
The amount of bins should be chosen such that in each bin there are at least 100 data points.
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4.1. Modelling of u′(t)

The maximum range of τ is typically chosen between 3 and 7 [13]. The plotted D1(u′), D2(u′),
and D4(u′) are shown in figure 4.2. These coefficients could obviously slightly change when the
parameters for the R routine are altered. However, one can show that these coefficients are a good
approximation by using the normal distribution of u′(t). When plugging D1(u′) and D2(u′) from the
R routine into equation (2.63), the resulting standard deviation is σ = 1.07211, which comes close to
the standard deviation of the normal distribution σ = 1.

Besides D1(u′) and D2(u′), D4(u′) was also plotted in figure 4.2 It was shown in chapter 2 that
a process needs to fulfil D2(u′)2 >> D4(u′) ∀u′ in order to be modelled by a Langevin equation.

D2(u′)
D4(u′) 2.2105
D2(u′)2

D4(u′) 0.1815

The ratio D2(u′)2

D4(u′) is below what we expect. When working with empirical data, it cannot be
expected that D2(u′)2 >> D4(u′) ∀u′. However, since the ratio D2(u′)

D4(u′) is above 2, we assume that the
Pawula Theorem can be applied.

Figure 4.2.: (a) small D1 = (−0.056233947± 0.0013029)u′ − (0.0003005± 0.0011132). (b) D2 = 0.0489237±
0.0001157441. (c) D4 = 0.02213216. The estimated coefficients D1(u′),D2(u′), and D4(u′). The
coefficient D2(u′) is, when viewing each bin, not independent of the mean wind speed bin, u′.
This is caused by gusts in the real data which weren’t extracted during the extraction process.
However, when only looking at the bins in which the wind speeds didn’t fluctuate as much, the
constant coefficient D2(u′) can be extracted. The same process has to be done for the coefficients
D1(u′) and D4(u′). Only bins which are −2 < u′ < 2 were taken into account for the restriction.
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4. Modelling wind speed data sets

Another assumption made about u′(t) was that the process is Markovian, which means that
P (u′t|u′t−∆t) = P (u′t|u′t−∆t, ..., u

′
t−n∆t). This equality can be simplified by assuming that the equality

holds for three point statistics, i.e. n=2. When this holds then it will also hold for higher order
statistics, since all correlations shall decrease monotonically [13]. The equality then reduces to:

P (u′t|u′t−∆t) = P (u′t|u′t−∆t, u
′
t−2∆t) (4.5)

In order to prove equality (4.5), the Wilcoxon test (Wilcoxon rank sum test,Whitney-Mann test) is
used. The test combines two data sets, x1, x2, ..., xn and y1, y2, ..., ym, into one and arranges it in
ascending order. For each xi, the number of yj such that xi > yj is calculated. Ux is determined
as the sum of these counts over all xi. Uy is then calculated analogically. Umin is determined as the
minimal value of Ux and Uy. Then, the distribution for U has to be created. The null Hypothesis
states p(x) = p(y). U is approximately normally distributed, with a mean µU = nm

2 and a standard

deviation of σU =
√
nm(n+m+1)

12 [24]. The p-value is calculated as p− value = Pr(Umin > U |H0). The
null-hypothesis is accepted when the p-value is above 5%.

In this case, the different variables are taken by binning u′(t) with a histogram. Here, we chose
to use 14 bins for computing purposes. Better results could have been recorded if the data was split up
into more bins. We choose u′t|u′t−∆t = x and u′t|u′t−∆t, u

′
t−2∆t = y with ∆t = 1. After these two data

sets are established, the Wilcoxon test can be applied to the data. In R, the function Wilcoxon.Test
is used for the Wilcoxon test.

The p-value is calculated for every possible bin configuration. Figure 4.3 shows the different
p-values obtained by using the Wilcoxon test and its histogram. Although it is suspected that there
should be 2744 different p-values (since 14 × 14 × 14 = 2744) there are only 492 data points plotted
in figure 4.3. It is very unlikely that u′t is in the left most tail while u′t+1 is in the right most tail. In
these cases, either the x or the y data lists are empty, and the Wilcoxon test can not be done.

Although the p-value does not constantly fall above the 5% threshold, most of the p-values do.
Therefore the process is assumed to be markovian. Better results can be achieved if we chose ∆t to
be equal or above the Markov length.

Figure 4.3.: P-values plotted alongside its histogram. The blue dashed line represents the cut off value of 5%.
Around 68% of the p-Values fall above this value.
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4.1. Modelling of u′(t)

Now that it shown that all the requirements for the application of a Langevin equation are met,
the models for u′(t) are done according to equation (4.4), with the different found drift and diffusion
coefficients. The step size is ∆t = 1.

The probability distribution, autocorrelation function and double logarithmic power spectrum
of the created time series, alongside the ones obtain with the real data, are shown in figure 4.4. The
created time series have similar properties as u′(t). The created probability distributions match the
tail of the probability distribution of u′(t) well. The autocorrelation functions of the created time
series decay at a different rate than u′(t). The power spectra of the created time series are similar to
that of u′(t).

Figure 4.4.: (a) Probability density function of the created time series and u′(t). The models are a good fit
especially around the tails of the actual probability distribution. (b) Autocorrelation function of
the created time series and u′(t). (c) Double logarithmic power spectra of the created time series
and u′(t). They also appear to be of Brownian noises like u′(t).
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4. Modelling wind speed data sets

4.2. Coupled Langevin equation

In this section, we want to model µ and σ from equation (4.1). We assume that the preliminary
conditions for a Langevin equation are met. The parameters are positive correlated, as seen through
figure 3.7a. A dependency between µ and σ can be seen by analysing the probability distribution
of one variable, given that the other variable is in a specific bin. This probability distribution is
dependent on what bin is chosen for the other parameter. Examples can be found in Appendix A.
We assume that the parameters cannot be modelled as two separate Langevin equations. A system of
coupled Langevin equations needs to be used for the model.

Both parameters are always positive. σ is positive after its definition, while µ is positive because
the anemometer recorded wind speeds. The model needs to recreate this characteristic of the param-
eters. Thus, instead of modelling the parameters, the coupled Langevin equations are used to model
the logarithm of the parameters. Figures 4.5a and 4.5b show the scatter plot and the two dimensional
histogram respectively. The logarithms of the parameters are positive correlated with 0.63.

Figures 4.6a and 4.6c show the probability distribution of log(µ) and log(σ) respectively. The
logarithm of parameters is well fitted with a Gaussian model, meaning the parameters are log-normal
distributed. Figures 4.6b and 4.6d show the probability distribution of the parameters with a Weibull
and Log-normal fit added. From the Kullback-leibler divergences, we see that the probability distri-
butions are well approximated with log-normal models.

We now calculate D(1) and D(2) as described in section 2.5 with the Langevin Package in R.
Matrices D(1) and D(2) are plotted in Appendix B. The matrix elements of D(1) are approximated as
a cubic function while the matrix elements of D(2) are approximated as a quadratic function.

However, an issue arises with matrix D(2). Although D(2) is a symmetric matrix, it is not
positive-definite. This means that some eigenvalues of D(2) at certain locations become negative.
When they are negative, matrix g can not be constructed due to equation (2.70). When the eigenvalues
are negative, we get imaginary entries for matrix g. The Langevin Package needs to be modified in
order to produce better results for matrix D(2).

Figure 4.5.: (a) shows the scatter plot of log(µ) and log(σ). The correlation between them is 0.63. (b) shows
a two dimensional histogram of the scatter plot.

some text
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4.2. Coupled Langevin equation

Figure 4.6.: (a) probability distribution of log(µ). (b) probability distribution of µ. KLDWeibull = 0.028764,
KLDLog−Normal = 0.057440. (c) probability distribution of log(σ). (d) probability distribution
of log(σ), KLDWeibull = 0.68321, KLDLog−Normal = 0.63912.
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5. Discussion and Conclusion

The goal of this Bachelor thesis was to model wind speed data after Langevin equations. The decom-
position consisted of a slow changing average and fast changing fluctuations around this average. The
basis of this decomposition lay on the assumption that ten minute intervals can be well approximated
with a Gaussian distribution. This assumption was tested throughout chapter 3 with the correlation
of the parameters and the Kullback-Leibler divergences. When this assumption is fulfilled, u′(t) of
the decomposition is Gaussian distributed and we tried to model it as an Ornstein-Uhlenbeck process.
With the autocorrelation function of u′(t), we saw that an Ornstein-Uhlenbeck process is a too trivial
approach to model u′(t). We also saw that the relation D2

2
D4

is far below what we expect when we wish
to apply the Pawula theorem, and that u′(t) has a Markov length greater than 1.

In order to model u′(t) better, we could have done several things different. We could have chosen
a more complex Langevin equation other than the Ornstein-Uhlenbeck process. This would result in
different u′(t) dependencies of D1 and D2. We could have also choosen a recording frequency lower
than 1Hz in order to make the process markovian. We could also model u′(t) with a different equation
that has Kramers-Moyal coefficients m ≥ 3, since D4 6= 0.

Another way of improving the results is by changing the assumed probability distribution of
wind data. We assumed that the probability distribution was neared well with a Weibull fit. However,
there is also a non-parametric way of estimating the probability distribution of an interval. This
estimation is known as the Kernal density estimation, which is given as:

f̃(u) = 1
nv

n∑
i=1

K

(
u− ui
h

)
(5.1)

where n is the sample size, h the bandwidth, and K (·) a Kernal function. This Kernal density
estimation is a better fit for the probability distribution of a ten minute interval than a Weibull or
Gauss fit [25]. When an interval follows such a probability distribution, then an entire new model
could to be created.

In chapter 4, we also tried to model the mean and standard deviation of every ten minute
interval. We found that they needed to be treated as a system of Langevin equations. The code in the
Langevin Package needs to be adjusted so that the matrix D(2) becomes a positive-definite matrix.
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A. µ and σ dependency

Figure A.1.: Histograms of either µ or σ given the other parameters is in a specific bin. (a) histogram of µ
with 0.4 ≤ σ < 0.5. (b) Histogram of µ with 1 ≤ σ < 1.1. (c) Histogram of µ with 1.4 ≤ σ < 1.5.
(d) Histogram of µ with 2 ≤ σ < 2.1. (e) Histogram of σ with 2 ≤ µ < 3. (f) Histogram of σ
with 7 ≤ µ < 8. (g) Histogram of σ with 12 ≤ µ < 13. (h) Histogram of σ with 18 ≤ µ < 19.
The densities depend on what bin is chosen for the other parameter, showing they are dependent
on another.
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B. Modelling of drift and diffusion matrices

Through figures B.1a-B.1e, a model for matrices D(1) and D(2) are made. The drift coefficients D(1)

are approximated as a cubic function:

D(1)(µ, σ) = a+ bµ+ cσ + dµ2 + eµσ + fσ2 + gµ3 + hµ2σ + iµσ2 + jσ3 (B.1)

The diffusion coefficients D(2) are approximated as a quadratic function:

D(2)(µ, σ) = a+ bµ+ cσ + dµ2 + eµσ + fσ2 (B.2)

Figure B.1.: Drift and diffusion coefficients fitted to a cubic and quadratic function respectively. (a) is D(1)
µ

for equation 2.68, (b) is D(1)
σ for equation 2.68, (c) is D(2)

µ,µ for equation 2.68, (d) is D(2)
σ,σ for

equation 2.68, and (e) is D(2)
µ,σ = D

(2)
σ,µ for equation 2.68. The black points are the approximated

drift(diffusion) coefficients found through the R routine, and the area is the fitted polynomial
function. The mean and standard deviation are both split up into 15 bins each.

some text
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